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Abstract

In this communication, I discuss and improve the detection and modeling of the over-
dispersion of winter storm occurrence using the example of Germany. For this purpose,
the generalized Poisson distribution and information criterions for the model selection
are introduced. Correct statistical model selection ensures the statistical significance5

of the model, including a possible over-dispersion. Moreover, I derive the relation be-
tween expectation and variance of a thinned inhomogeneous Poisson process. This
is also applied to well detect the over-dispersion in winter storm data for Germany of
Karremann et al. (2014).

1 Introduction10

A possible over-dispersion of the occurrence of European winter storms is subject
of previous researches (e.g., Mailier et al., 2006; Pinto et al., 2013; Karremann
et al., 2014) and is frequently called clustering. The issue is that an over-dispersion
of a sample can be caused by randomness in the sampling; the actual storm process
could follow a homogeneous Poisson. This problem is not well considered in previ-15

ous researches. For example, Mailier et al. (2006) state a partly under-dispersion for
European winter storms. But this could be caused by an over-fit of their Poisson regres-
sion model because a few geographically allocated parameters range from negative to
positive values.

In the following section, I propose the generalized Poisson distribution as model for20

the storm frequency, which is more flexible than the negative binomial distribution. The
latter was applied by Karremann et al. (2014) to consider the over-dispersion of winter
storms. Then, I derive the behaviour of expectation and variance in the thinning process
in Sect. 3. Furthermore, I explain the concept of statistical model selection in Sect. 4. It
provides an indirect test of statistical significance of over-dispersion. A brief summary25
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is given in the last section. I use the data for German winter storms of Karremann
et al. (2014) to demonstrate the functionality of the proposed models and methods.

2 The generalized Poisson distribution (GPD)

The GPD has been developed by Consul and Jain (1973) and is formulated for the
discrete random variable X ≥ 0 with5

P (x) =
λ
(
λ+xθ

)x−1

x!
e−λ−xθ. (1)

It describes the occurrence probability of X = x and uses the parameters λ > 0 and θ.
The expectation and variance are

E (X ) = λ/(1−θ) and (2)

V (X ) = λ/(1−θ)3. (3)10

There is over-dispersion if θ > 0, which means E (X ) < V (X ). Under-dispersion is valid
for θ < 0 and the common Poisson distribution (PD) is formulated with θ = 0. The pos-
sible modeling of under-dispersion is the great advantage of the GPD in compari-
son to the negative binomial distribution (NBD). The latter is applied by Karremann
et al. (2014) for winter storms in Germany and considers the PD only as a limit case15

with an infinite parameter.
The parameters of the GPD can be estimated by the well-known maximum likeli-

hood estimation (Lindsey, 1996; Upton and Cook, 2006). Therein, the logarithmized
likelihood is a function of parameter vector θ with

log(L(θ )) =
∑
x

nx log(P (x;θ )) (4)20

for the discrete distributions. The parameter vector θ with the highest value of log(L(θ ))
is the point estimation. The likelihood estimation is asymptotically the best estimation if
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some weak conditions are fulfilled (Cramér–Rao bound, Cramér 1946), as it applies for
the GPD with over-dispersion. The ML estimation is also frequently the best estimation
method for a distribution model in case of a finite sample size and is recommended for
the NBD (Johnson et al., 2005) and the GPD (Consul and Shoukri, 1984). In all cases,
an estimator should be bias-free and consistent and well established in mathematical5

statistics (Upton and Cook, 2006).

3 What does over-dispersion mean?

Mailier et al. (2006) and Karremann et al. (2014) denote the over-dispersion in the
random distribution of the number of storms as serial clustering and quantify it by the
following parameter10

φ = V (X )/E (X )−1. (5)

But the term cluster or clustering can mean different things. A cluster in an auto-
correlated time series consists of tall observations that are a partial series of an ex-
ceedance of a threshold (Coles, 2001), e.g. of river discharge. An earthquake cluster
is a group of earthquake events that include a main event with a large magnitude and15

a series of secondary events (after- and/or foreshocks; e.g., Ogata, 2001). There is
a relation in time and space between these events. If there would be a clustering of
storms similar to the clustering of earthquakes, then the number of smaller storms with
return level RL= 1 and 2 should be higher for years with an event with events RL= 5.
But this cannot be stated for the data of Karlemann et al. (2014, Tables 1 and B1,20

Supplement). It seems to be more likely that the over-dispersion is caused by an in-
homogeneous intensity of the storm occurrence in time. In such an inhomogeneous
Poisson process, every winter season can have different (accidental) occurrence inten-
sity. Inhomogeneous occurrence intensity per season corresponds well with the NBD
and the GPD because both are mixtures of PDs (Joe and Zhu, 2005).25
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If an over-dispersion results from a Poisson process with inhomogeneous occurrence
intensity, then an event would be independent of others. In this case, the increase of
the considered RL in the sampling includes a random process of thinning. Therein,
Psurvival is the survival probability if a single event of the set of storm observations
with the lower return level is also member of the set with the higher return level. For5

example, Psurvival = 1/5 for the transition from RL ≥ 1 to RL ≥ 5. The thinning probability
is Pthining = 1− Psurvival = 4/5. The entire sample is thinned out in this transition of RLs.
According to Ross (2007, Examples 3.16 and 3.18), the expectation and variance of
the new count variable Xnew is

E
(
Xnew

)
= E

( Xold∑
i=1

Ii

)
= E
(
Xold
)
E (I) and (6)10

V
(
Xnew

)
= V

( Xold∑
i=1

Ii

)
= E
(
Xold
)
V (I)+ V

(
Xold
)
E (I)2. (7)

The binary random variable I describes whether the storm event i is member of the new
return level (I = 1) or if it is thinned (I = 0). This random variable is Bernoulli distributed
with

E (I) = Psurvival and (8)15

V (I) = Psurvival
(
1− Psurvival

)
. (9)

Now I formulate the relation

V
(
Xold
)
= E
(
Xold
)
+βE

(
Xold
)2

. (10)

Dispersion parameter β is determined by variance and expectation of count variable
Xold. Equation (7) is now modified for the new count variable with Eqs. (8) and (9) to20

V
(
Xnew

)
= E
(
Xold
)
Psurvival(1− Psurvival)+E

(
Xold
)
P 2

survival. (11)
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This equation can be simplified to

V
(
Xnew

)
= E
(
Xold
)
Psurvival +βE

(
Xold
)2P 2

survival, (12)

wherein E (Xold)Psurvival is replaced by E (Xnew) according to Eqs. (6,8) and we get

V
(
Xnew

)
= E
(
Xnew

)
+βE

(
Xnew

)2
. (13)

Therefore, Eq. (10) is universal and also applies to the new count variables Xnew re-5

sulting from the thinning process. This does not represent completely new knowledge
and is already derived for other issues (e.g., Mack, 2002). Independent thinning is well
suited to the decrease of cluster parameter φ with increasing return level in the sample
of Karremann et al. (2014). An example of the relations is depicted in Fig. 1. Equa-
tions (10) and (13) can also be used to determine one parameter of the distributions of10

higher RLs (e.g., by using Eqs. (2) and (3) for the GPD).

4 How can over-dispersion be well detected?

As aforementioned, an over-dispersion of the observed sample of X and of its es-
timated distribution model can be caused by the randomness in the sampling. The
question is whether this observed over-dispersion is statistically significant or probably15

a result of randomness. This could be tested by the empirical cluster parameter φ;
sample mean and sample variance are used in Eq. (5) to estimate φ. It should not be
smaller than the quantile of the defined exceedance probability of estimations for the
Poisson case with φ = 0. This can be computed by the empirical distribution (Uppton
and Cook, 2006) of estimations φ̂ for samples for a Poisson distributed count variable20

X generated by Monte Carlo simulation. I have performed this calculation for sample
size n = 30 and 10 000 repetitions. The resulting upper 5 % quantile is 0.466 for PD with
E (X ) = 1. Any value smaller than this limit means that the empirical over-dispersion is
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not significant for a level of α = 5 %. This works similarly to a one-site t test in the re-
gression analysis (e.g., Fahrmeir et al., 2013). For n = 60, the critical value is 0.323.
This shows that the significance over-dispersion can be better detected for a higher
sample size n.

The statistical significance of a statistical model and its parameterization can also be5

ensured by applying an appropriate model selection in the process of model building
(e.g., Lindsey, 1996; Raschke, 2013). Information criterions are frequently used for
such a selection. The Akaike information criterion (AIC, Akaike, 1973) is a very popular
one and written with

AIC = −2log(L(θ ))+2m. (14)10

The Bayesian information criterion of Schwarz (1978) is written with

BIC = −2log(L(θ ))+m log(n). (15)

The number of parameters is symbolized by m, the sample size by n. log(L(θ )) is
defined by Eq. (4) for discrete distribution. A smaller information criterion indicates
the better model. The larger the difference between the criterions of alternatives is,15

the better the differentiation is. The AIC works better for a smaller sample size, the
BIC works better for a larger sample size (Lindsey, 1996). There are further criterions,
which are not considered here.

The results for the selected distribution models for samples of German winter storms
(Karremann et al., 2014) are listed in Table 1. The parameters of PD, NBD and GPD20

are estimated by the ML method. An example of the estimated distribution is presented
in Fig. 2 – the DWD sample of historical storms with a return level of one year (RL≥
1). Therein, NBD and GPD are very similar. Both consider over-dispersion but both
distributions are not detected as the best distribution in every case of the DWD and
NCEP sample of historical storms. The poor modeling of winter storm occurrence by25

the PD is much better detected for the large GNCcorr sample of climate simulations
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with n = 4092. The over-dispersion is obvious, corresponding AICs and BICs are much
smaller than for the PDs.

I have used the estimation for the GNCcorr sample with RL≥ 1 to estimate over-
dispersion parameter β̂ = 0.307 of Eqs. (10) and (13). This relation is already shown
in Fig. 1 and is used to quantify one parameter of the GPD for NCEP and DWD sam-5

ples. The estimated expectation is equal to sample mean and RL, and the variance
is determined by Eqs. (10) and (13). These can be transformed to the other parame-
ter by using Eqs. (2) and (3). This estimation is possible because the GNCcorr sample
is relatively large (4092 � 30) and independent of NCEP and DWD samples, and all
samples are from the same random variable – the number of winter storms in Ger-10

many for the current climate and RL≥ 1. Using this special procedure with one known
parameter, over-dispersion in the historic data of winter storms in Germany can very
well be detected because this model is very often the best model or differs less from
the best model.

I have also used Eqs. (10) and (13) with the estimation for the GNCcorr sample with15

RL≥ 1 for the GNCcorr sample with RL≥ 2 and 5. The resulting AICs and BICs are not
correct and only a bit informative because the storms of the sample with RL≥ 2 and
5 are also member of the sample with RL≥ 1. This is not foreseen for AIC and BIC. I
have tried to consider this issue by using a higher number m of parameter for Eqs. (14)
and (15).20

5 Summary

In this communication, I have introduced the GPD for modeling and detecting over-
dispersion of winter storm occurrence because it is similar to the NBD and can also
model PD and under-dispersion. Furthermore, I have derived the relation between ex-
pectation and variance in case of over-dispersion of the storm occurrence per winter25

season with independent events. This relation well explains the behaviour of the clus-
ter parameter φ of the samples of Karremann et al. (2014) from climate situations with
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a large sample size. It is also very helpful for detecting over-dispersion of German
winter storms in combination with the introduced criterions of model selection (AIC
and BIC). The over-dispersion is likely caused by an inhomogeneous Poisson process.
In contrast, a simple analysis of the sample of historical storms could not clearly de-
tect the over-dispersion; the sample size is too small. The conclusions of Karremann5

et al. (2014) for winter storms in Germany have been confirmed at a higher level of
statistical analysis.

The models and methods can also be applied to other hazards. Possibly also for
discussing whether the same storm process with events, being independent in sta-
tistical sense, can result in over-dispersion and under-dispersion as assumed in the10

regression model of Mailier et al. (2006).
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Table 1. AIC and BIC for some samples of winter storm in Germany of Karremann et al. (2014,
Tables 1 and B1), bolted: best estimation or nearly best estimation, italic: not consequently
applied AIC and BIC.

Sample Information PD, m = 1 NBD, m = 2 GPD, m = 2 GPD with β = 0.307
criterion of GNCcorr, RL≥ 1

GNC corrected, AIC 11 247.24 11 108.98 11 110.86 –
RL≥ 1, n = 4092 BIC 11 253.55 11 121.61 11 123.50 –

GNC corrected, AIC 7794.04 7745.35 7745.94 7745.63, m=1.5
RL≥ 2, n = 4092 BIC 7800.35 7757.99 7758.58 7755.11, m=1.5

GNC corrected, AIC 4426.53 4415.56 4415.52 4414.78, m=1.2
RL≥ 5, n = 4092 BIC 4432.85 4428.19 4428.15 4422.36, m=1.2

NCEP, RL≥ 1, AIC 81.64 83.57 83.57 82.00, m=1
n = 30 BIC 83.04 86.38 86.38 83.40, m=1

NCEP, RL≥ 2, AIC 59.15 60.77 60.78 58.79, m=1
n = 30 BIC 60.55 63.57 63.58 60.19, m=1

NCEP, RL≥ 5, AIC 36.90 35.14 35.15 35.76, m=1
n = 30 BIC 38.30 37.94 37.95 37.16, m=1

DWD, RL≥ 1, AIC 89.83 86.95 86.89 85.92, m=1
n = 30 BIC 91.23 89.76 89.69 87.32, m=1

DWD, RL≥ 2, AIC 65.14 60.63 60.53 61.81, m = 1
n = 30 BIC 66.54 63.43 63.33 63.21, m=1

DWD, RL≥ 5, AIC 31.30 32.61 32.65 31.02, m=1
n = 30 BIC 32.71 35.42 35.45 32.42, m=1
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Figure 1. Relation variance and expectation according to Eqs. (10) and (13) with dispersion pa-
rameter β = 0.3074 and corresponding behaviour of cluster parameter φ according to Eq. (5).
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Figure 2. Distributions for the DWD-sample for RL≥ 1.
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