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Abstract

Debris flows are multiphase, gravity-driven flows consisting of randomly dispersed in-
teracting phases. The interaction between the solid phase and liquid phase plays a sig-
nificant role on debris flow motion. This paper presents a new two-phase debris flow
model based on the shallow water assumption and depth-average integration. The5

model employs the Mohr–Coulomb plasticity for the solid stress, and the fluid stress is
modeled as a Newtonian viscous stress. The interfacial momentum transfer includes
viscous drag, buoyancy and interaction force between solid phase and fluid phase.
We solve numerically the one-dimensional model equations by a high-resolution finite
volume scheme based on a Roe-type Riemann solver. The model and the numerical10

method are validated by using one-dimensional dam-break problem. The influences of
volume fraction on the motion of debris flow are discussed and comparison between
the present model and Pitman’s model is presented. Results of numerical experiments
demonstrate that viscous stress of fluid phase has significant effect in the process of
movement of debris flow and volume fraction of solid phase significantly affects the15

debris flow dynamics.

1 Introduction

Debris flows, which are mixtures by solid sediments and saturated water, are one of
extremely destructive natural hazards to human lives due to its high speed and huge
impulsive forces (Iverson, 2012; McDougall and Hungr, 2005; Richenmann, 1999; Pit-20

man et al., 2003; Medina, 2008). The debris flows are usually occurred owing to storm
rainfall or snow melting and are classical two-phase, gravity-driven flows consisting of
a broad distribution of grain sizes mixed with fluid. The flow behavior greatly depends
on both the sediment composition and the volume fraction of solid phase. A debris-
flow model which can efficiently depict the stress of solid sediment, the fluid phase and25
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the interaction forces across their interfaces, is essential to properly predict its run-out
distance and hazardous areas.

Following the pioneering work of Savage and Hutter (1989), in the past few decades,
great achievements have been made in the numerical simulating of debris flows by
means of depth-integrated theory. In Savage–Hutter (S–B) model (1989), the flow-5

ing layer on one-dimensional slope is assumed to be an incompressible material and
depicted by the Mohr–Coulomb behavior. Hutter et al. (1991) further suggested an
improved S-H model to extend to quasi-three dimensional basal surfaces. The depth-
integrated method is further applied to diverse earth-surface flows, such as dam-breaks
(Carpet and Young, 1998; Cao et al., 2004; Wu and Wang, 2007; Soares-Frazão10

et al., 2012), debris flows (Iverson et al., 2010; Medina, 2008), floods (Denlinger and
O’Connell, 2010), tsunamis (George and Leveque, 2006) and so on. Nevertheless,
most of the previous models are based on single-phase assumption which consid-
ers the flows as uniform flows. However, the characteristics that the solid and fluid
forces must act harmoniously in debris flows demonstrate considering the motion of15

two phases separately is necessary (Iverson, 1997).
The numerical simulations of debris flow based on two-phase models have been

widely concerned by an increasing number of scientists. Iverson (1997) and Iverson
and Denlinger (2001) considered the flow as a mixture of fluid and solid massand built.
The assumed the relative velocity between the two constituents was small and thus20

the drag force between the solid phase and the fluid phase was neglected. However,
the solid and fluid phase velocities may deviate substantially from each other in natural
debris flow and the drag force has important effect on the motion of debris flow. Pitman
and Le (2005) on the other hand, took the relative velocity between the solid phase
and the fluid phase into account, while the fluid phase was simply assumed as ideal25

fluid. Pudasaini (2012) presented a new, generalized two-phase debris flow model that
includes many essential physical phenomena including the effect of buoyancy, drag
force and virtual mass. Mohr–Coulomb plasticity was used to close the solid stressand
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the fluid stress was modeled as a non-Newtonian viscous stress. But Pudasaini model
is too complex and not easy to apply.

In the present work, based on the shallow water assumption and depth-average in-
tegration, a system of model equations of two-phase debris flow is constituted. The
model employs the Mohr–Coulomb plasticity for the solid stress, and the fluid stress5

is modeled as a Newtonian viscous stress. The relative motion and interaction be-
tween the solid and fluid phases is also considered. A high-resolution finite volume
scheme based on a Roe-type Riemann scheme is used to solve numerically the one-
dimensional model equations of two-phase debris flow. The performance of the present
two-phase and of the Pitman and Le models is comparable both in predicting debris10

flow evolution.

2 Equations of conservative law

We consider debris flows made of a mixture of solid and fluid materials as shown in
Fig. 1. This situation can be described by Jackson’s model (2000). Within the domain
occupied by the mixture, the model satisfies mass conservation for the solid and fluid15

phases:

∂(ρsϕ)
∂t +∇ · (ρsϕ∇us) = 0

∂ρf(1−ϕ)
∂t +∇ · (ρf(1−ϕ)∇uf) = 0

}
(1)

and conservation of momentum for the solid and fluid phases:

ρsϕ
(
∂us
∂t + (us · ∇)us

)
= ρsϕg−∇ ·Ts +ϕ∇ ·p+ f

ρf(1−ϕ)
(
∂uf
∂t + (uf · ∇)uf

)
= ρf(1−ϕ)g− (1−ϕ)∇ ·p+∇ · (1−ϕ)τf − f

 (2)20

where the subscript “s” refers to the solid phase and the subscript “f” refers to the fluid
phase. The velocity us is for the solid phase and uf for the fluid phase. Ts denotes the
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stress tensor of solid phase and ρ represents the density. τf is the extra stress for fluid.
Acceleration due to gravity is denoted by g. f represents the non-buoyant value of the
resultant force exerted by the fluid on a solid particle. The solid volume fraction is ϕ.
Note that both the grain density ρs and the fluid density ρf are constant, so that each
material is incompressible. However, the density of the solid phase ϕρs and the density5

of the fluid phase (1−ϕ)ρf can change because ϕ varies with space and time.
An empirical form is proposed for the non-buoyant interaction force f (Anderson,

et al., 1995; Jackson, 2000), which is the product of the relative velocity and a phe-
nomenological constant as follows

f = (1−ϕ)β(uf −us) (3)10

where the leading factor of (1−ϕ) accounts for the volume of the fluid acting on the
entire particle phase, β is a phenomenological function based on the experimental
results of Richardson and Zaki (1954) and is expressed as

β =
(ρs −ρf)ϕg

VT(1−ϕ)m
(4)

VT is the terminal velocity of a typical solid particle falling in the fluid under gravity, g is15

the magnitude of the gravitational force and m is related to the Reynolds number of the
flow.

The phase-averaged viscous-fluid stresses are modeled using a Newtonian fluid rhe-
ology:

τi j = −
(
p+

2
3
µ∇ ·u

)
δi j +2µei j (5)20

here, µ is the viscous coefficient.

2155

http://www.nat-hazards-earth-syst-sci-discuss.net
http://www.nat-hazards-earth-syst-sci-discuss.net/2/2151/2014/nhessd-2-2151-2014-print.pdf
http://www.nat-hazards-earth-syst-sci-discuss.net/2/2151/2014/nhessd-2-2151-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/


NHESSD
2, 2151–2183, 2014

A two-phase model
for numerical

simulation of debris
flows

S. He et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

3 Boundary conditions

Equations (1)–(4) are subject to kinematic and dynamic boundary conditions for both
solid and fluid phases at the upper surface and the base. Thus, the corresponding
kinematic determined by the solid phase and fluid phase at the free surface, zt = 0:

zt = 0 :
∂zt

∂t
= ws(zt)−us(zt)

∂zt

∂x
− vs(zt)

∂zt

∂y
(6)5

zt = 0 :
∂zt

∂t
= wf(zt)−uf(zt)

∂zt

∂x
− vf(zt)

∂zt

∂y
(7)

The dynamic boundary conditions of both the solid and fluid phases are assumed to
be traction free, giving

Tfnt = 0, Tsnt = 0 (8)10

The corresponding kinematic determined by the solid phase and fluid phase at the
base surface, zb = 0

zb = 0 :
∂zb

∂t
= ws(zb)−us(zb)

∂zb

∂x
− vs(zb)

∂zb

∂y
(9)

zb = 0 :
∂zb

∂t
= wf(zb)−uf(zb)

∂zb

∂x
− vf(zb)

∂zb

∂y
(10)

15

The dynamic boundary conditions of the solid phases is assumed to satisfies
a Coulomb dry–friction sliding law, giving

zb(x,t) = 0,pbnb −nb(nb ·pbnb) = (ub/|ub|)tgϕ(nb ·pbnb) (11)

were the surface and basal normal are

nt =
∇zt

|∇zt|
, nb =

∇zb

|∇zb|
20
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4 Depth-integrated equations

A key step in further simplifying the equations of motion involves depth averaging
to eliminate explicit dependence on z which is the coordinate normal to the bed.
The depth-averaged solid phase volume fraction, velocities and stress components

are defined by ϕ = 1
h

zt∫
zb

ϕdz, us =
1
h

zt∫
zb

usdz, uf =
1
h

zt∫
zb

ufdz, vs =
1
h

zt∫
zb

vsdz, v f =
1
h

zt∫
zb

vfdz,5

τi j =
1
h

z2∫
z1

τi jdz.

4.1 Depth averaged mass balance equations

We start by integrating the mass balance equation of the solid phase in the z direction.
Using Leibniz’ formula to interchange the differentiation and integration operators, we
obtain:10

zt∫
zb

(
∂ϕ
∂t

+
∂ϕus

∂x
+
∂ϕvs

∂y
+
∂ϕws

∂z

)
dz =

∂ϕh
∂t

+
∂ϕhus

∂x
+
∂ϕhvs

∂y
= 0 (12)

Assuming ϕ(zb) =ϕb, Eq. (12) reduces to:

∂ϕh
∂t

+
∂ϕhus

∂x
+
∂ϕhvs

∂y
= 0 (13)

Similarly, by integrating the mass balance equation of the fluid phase the z direction
and using Leibniz’ formula to interchange the differentiation and integration operators,15
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we obtain:

zt∫
zb

(
∂ (1−ϕ)

∂t
+
∂(1−ϕ)uf

∂x
+
∂(1−ϕ)vf

∂y
+
∂(1−ϕ)wf

∂z

)
dz =

∂(1−ϕ)h
∂t

+
∂(1−ϕ)huf

∂x
+
∂(1−ϕ)hv f

∂y
= 0

(14)

∂(1−ϕ)h
∂t

+
∂(1−ϕ)huf

∂x
+
∂(1−ϕ)hv f

∂y
= 0 (15)

4.2 Depth averaged momentum balance equations5

4.2.1 Solid-phase

To obtain the averaged momentum balance equations for the solid phase, here only
the x-direction solid momentum equation is considered. By depth-averaging the inertial
part of the equation and applying the kinematic boundary conditions together with the
Leibniz rule of integration.The left-hand side of the x-momentum equation of the solid10

phase can be written as

LHS =
∂(ρsϕus)

∂t
+
∂
(
ρsϕu2

s

)
∂x

+
∂(ρsϕusvs)

∂y
+
∂(ρsϕusws)

∂z

Depth averaging and using boundary conditions yields

zt∫
zb

LHSdz =

zt∫
zb

∂(ϕρsus)

∂t
+
∂
(
ϕρsu

2
s

)
∂x

+
∂(ϕρsusvs)

∂y
+
∂(ϕρsusws)

∂z

dz
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zt∫
zb

LHSdz = ρs

∂
(
hϕus

)
∂t

+
∂
(
hϕu

2
s

)
∂x

+
∂
(
hϕusvs

)
∂y

 (16)

Now, depth-averaging the right-hand side of the x-momentum equation of the solid
phase yields:

zt∫
zb

(RHS)dz =

zt∫
zb

[
ρsϕgx −

∂(Tsxx)

∂x
−
∂(Tsxy )

∂y
−
∂(Tsxz)

∂z
+p

∂ϕ
∂x

+ (1−ϕ)
(ρs −ρf)ϕ

VT(1−ϕ)m
(uf −us)

]
dz

(17)5

For simplicity, following Pudasaini (2012), Iverson and Denlinger (2001), Pitman and
Le (2005), Pudasaini et al. (2005), Pelanti et al. (2008), the debris flow is assumed to
be lithostatic and the constitutive relation can be expressed as

∂p
∂z

= ρfgz (18)10

∂
∂z

(Tsxz) = (ρs −ρf)
∂p
∂z

(19)

The depth-averaged fluid and solid pressures are:

p(zb) = ρfgzh, p =
1
2
ρfgzh, Tzz(zb) = (ρf −ρs)gzh, T szz =

1
2

(ρs −ρf)gzh

The active or passive state of stress is developed if an element of material is elongated15

or compressed, and the formula for the corresponding states can be derived from the
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Mohrs diagram. It may be easily shown that:

kap = 2
1±
[
1− cos2ϕint

(
1+ tan2ϕbed

)]1/2

cos2ϕint

−1 (20)

In which “−” corresponds to an active state [∂u/∂u∂x+∂v/∂x+∂v/∂y ≥ 0]1 and “+”
to be the passive state [∂u/∂u∂x+∂v/∂x+∂v/∂y ≤ 0]2, respectively.

T sxx = T sxy =
1
2
kap(ρs −ρf)gzh (21)5

zt∫
zb

(RHS)dz = ρsϕgxh+
(ρs −ρf)(1−ϕ)ϕ

VT(1−ϕ)m
(uf −us)−

us√
u

2
s + v

2
s

(ρs −ρf)gzhtgδ

−kap(ρs −ρf)gzh
∂(ϕh)

∂x
−ϕb(ρs −ρf)gzh

∂zb

∂x
+ϕgzh

∂(h+ zb)

∂x

Further, the x momentum conservation equation of the solid phase is expressed as
following10

∂
(
hϕus

)
∂t

+
∂
(
hϕu

2
s

)
∂x

+
∂
(
hϕusvs

)
∂y

=ϕgxh+
(1−γ)(1−ϕ)ϕ

VT(1−ϕ)m
(uf −us) (22)

−
us√

u
2
s + v

2
s

(1−γ)gzhtgδ −kap(1−γ)gzh
∂(ϕh)

∂x
−ϕb(1−γ)gzh

∂zb

∂x
+ϕgzh

∂(h+ zb)

∂x

where γ = ρf/ρs.
The depth-integrated equation for the y-momentum component of the solid phase is15

precisely analogous to those derived above for the x component. Thus, inter-changing
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x and y as well as us and vs in the preceding section yield the y-component equations.

∂
(
hϕvs

)
∂t

+
∂
(
hϕusvs

)
∂x

+
∂
(
hϕv

2
s

)
∂y

=ϕgyh+
(1−γ)(1−ϕ)ϕ

VT(1−ϕ)m
(
v f − vs

)
(23)

−
vs√

u
2
s + v

2
s

(1−γ)gzhtgδ −kap(1−γ)gzh
∂(ϕh)

∂y
−ϕb(1−γ)gzh

∂zb

∂y
+ϕgzh

∂(h+ zb)

∂y

4.2.2 Fluid-phase5

The left-hand side of the x-momentum equation of the fluid phase can be written

LHS =
∂ρf(1−ϕ)uf

∂t
+
∂ρf(1−ϕ)u2

f

∂x
+
∂ρf(1−ϕ)ufvf

∂y
+
∂ρf(1−ϕ)ufwf

∂z

Depth averaging and using boundary conditions yields

zt∫
zb

LHSdz =

zt∫
zb

[
∂ρf(1−ϕ)uf

∂t
+
∂ρf(1−ϕ)u2

f

∂x
+
∂ρf(1−ϕ)ufvf

∂y
+
∂ρf(1−ϕ)ufwf

∂z

]
dz

zt∫
zb

LHSdz = ρf

[
∂(1−ϕ)huf

∂t
+
∂(1−ϕ)hu

2
f

∂x
+
∂(1−ϕ)hufv f

∂y

]
(24)10

Depth-averaging the right-hand side of the x-momentum equation of the fluid phase
yields:

RHS = ρf(1−ϕ)gx − (1−ϕ)
∂p
∂x

+ (1−ϕ)µ
[

2
∂
∂x

(
∂uf

∂x

)
+

∂
∂y

(
∂uf

∂y
+
∂vf

∂x

)
+

∂
∂z

(
∂uf

∂z
+

2161

http://www.nat-hazards-earth-syst-sci-discuss.net
http://www.nat-hazards-earth-syst-sci-discuss.net/2/2151/2014/nhessd-2-2151-2014-print.pdf
http://www.nat-hazards-earth-syst-sci-discuss.net/2/2151/2014/nhessd-2-2151-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/


NHESSD
2, 2151–2183, 2014

A two-phase model
for numerical

simulation of debris
flows

S. He et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

∂wf

∂x

)]
− (1−ϕ)µ

A
1−ϕ

[
2
∂
∂x

(
∂ϕ
∂x

(uf −us)
)
+

∂
∂y

(
∂ϕ
∂x

(vf − vs)+
∂ϕ
∂y

(uf −us)
)

+
∂
∂z

(
∂ϕ
∂x

(wf −ws)+
∂ϕ
∂z

(uf −us)
)]

+ (1−ϕ)
(ρs −ρf)ϕ

VT(1−ϕ)m
(uf −us)

zt∫
zb

(RHS)dz = ρf(1−ϕ)gxh−
(ρs −ρf)(1−ϕ)ϕ

VT(1−ϕ)m
(
uf −us

)
− (1−ϕ)ρfgzh

∂(h+ zb)

∂x

+ (1−ϕ)µ

[
2
∂2uf

∂x2
+

∂2v f

∂x∂y
+
∂2uf

∂y2
−
χuf

h2

]
+µAh

[
2
∂
∂x

(
∂ϕ
∂x

(
uf −us

))

+
∂
∂y

(
∂ϕ
∂x

(
v f − vs

)
+
∂ϕ
∂y

(
uf −us

))]
−µA

ξϕ
(
uf −us

)
h

5

where χ is a shape factor that includes vertical shearing of fluid velocity. The shape
factor ξ takes into account different distributions of solids volume fraction with depth.
For a uniform distribution of velocity in the vertical direction, ξ can be assumed as zero
(Pudasaini, 2005).10

Further, the x momentum conservation equation of the fluid phase is expressed as
following

∂(1−ϕ)huf

∂t
+
∂(1−ϕ)hu

2
f

∂x
+
∂(1−ϕ)hufv f

∂y
= (1−ϕ)gxh−

(ρs −ρf)(1−ϕ)ϕ

VT(1−ϕ)mρf

(
uf −us

)
− (1−ϕ)gzh

∂(h+ zb)

∂x
+

(1−ϕ)µ
ρf

[
2
∂2uf

∂x2
+

∂2v f

∂x∂y
+
∂2uf

∂y2
−
χuf

h2

]
(25)

15
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The depth-integrated equation for the y-momentum component of the fluid phase is
precisely analogous to those derived above for the x component.

∂(1−ϕ)hv f

∂t
+
∂(1−ϕ)hufv f

∂x
+
∂(1−ϕ)hv

2
f

∂y
= (1−ϕ)gyh−

(ρs −ρf)(1−ϕ)ϕ

VT(1−ϕ)mρf

(
v f − vs

)
− (1−ϕ)gzh

∂(h+ zb)

∂y
+

(1−ϕ)µ
ρf

[
2
∂2v f

∂y2
+

∂2uf

∂x∂y
+
∂2v f

∂x2
−
χv f

h2

]
(26)

5

5 The model equations

The over bars are dropped for brevity. The depth-averaged model equations are written
in standard and well structured conservative form. The mass balance equations for the
solid and fluid phases are

∂ϕh
∂t

+
∂ϕhus

∂x
+
∂ϕhvs

∂y
= 0, (27)10

∂(1−ϕ)h
∂t

+
∂(1−ϕ)huf

∂x
+
∂(1−ϕ)hvf

∂y
= 0, (28)

respectively. Similarly, collecting the terms from Eqs. (25) and (29) yields the depth-
averaged momentum conservation equations for the solid and the fluid phases

∂(hϕus)

∂t
+
∂
(
hϕu2

s

)
∂x

+
∂(hϕusvs)

∂y
=ϕgxh+

(1−γ)(1−ϕ)ϕ
VT(1−ϕ)m

(uf −us) (29)15

−
us√

u2
s + v2

s

(1−γ)gzhtgδ −kap(1−γ)gzh
∂(ϕh)

∂x
−ϕb(1−γ)gzh

∂zb

∂x
+ϕgzh

∂(h+ zb)

∂x
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∂(hϕvs)

∂t
+
∂(hϕusvs)

∂x
+
∂
(
hϕv2

s

)
∂y

=ϕgyh+
(1−γ)(1−ϕ)ϕ

VT(1−ϕ)m
(vf − vs) (30)

−
vs√

u2
s + v2

s

(1−γ)gzhtgδ −kap(1−γ)gzh
∂(ϕh)

∂y
−ϕb(1−γ)gzh

∂zb

∂y
+ϕgzh

∂(h+ zb)

∂y

∂(1−ϕ)huf

∂t
+
∂(1−ϕ)hu2

f

∂x
+
∂(1−ϕ)hufvf

∂y
= (1−ϕ)gxh−

(ρs −ρf)(1−ϕ)ϕ

VT(1−ϕ)mρf
(uf −us)

− (1−ϕ)gzh
∂(h+ zb)

∂x
+

(1−ϕ)µ
ρf

[
2
∂2uf

∂x2
+

∂2vf

∂x∂y
+
∂2uf

∂y2
−
χuf

h2

]
(31)

∂(1−ϕ)hvf

∂t
+
∂(1−ϕ)hufvf

∂x
+
∂(1−ϕ)hv2

f

∂y
= (1−ϕ)gyh−

(ρs −ρf)(1−ϕ)ϕ

VT(1−ϕ)mρf
(vf − vs)5

− (1−ϕ)gzh
∂(h+ zb)

∂y
+

(1−ϕ)µ
ρf

[
2
∂2vf

∂y2
+

∂2uf

∂x∂y
+
∂2vf

∂x2
−
χvf

h2

]
(32)

Equations (26)–(31) allow the debris flow depth h, volume fraction of the solid ϕ, and
the depth-averaged velocity components for solid us and vs, and for fluid uf and vf to
be computed as functions of space and time, once appropriate initial and (numerical)10

boundary conditions are prescribed.

6 Discussion

In this paper, based on the shallow water assumption and depth-average integration,
a system of model equations of two-phase debris flow is constituted. The model em-
ploys the Mohr–Coulomb plasticity for the solid stress, and the fluid stress is modeled15

as a Newtonian viscous stress. The relative motion and interaction between the solid
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and fluid phases are also considered. The system equations differ from the conserva-
tion equations used in many previous models of two-phase as summarized in Table 1.

The fluid phase of debris flows can deviate from an ideal fluid, depending on the
constituents forming the fluid phase, which can include silt, clay, and fine particles.
In natural debris flows, viscosity can range from 0.001 to 10 Pas or higher. A small5

change in the fluid viscosity may lead to substantial change in the dynamics of the
debris flow motion (Pudasaini, 2012). Therefore, Pitman and Le model and Bouchut
model in which the fluid phase are considered as ideal fluid are not reasonable, and
more suitable for dilute debris flow. Iverson mixture models are only quasi two-phase
or virtually single-phase because they neglect differences between the fluid and solid10

velocities. Thus, drag force cannot be generated, more suitable for dense debris flow.
Pudasaini model (2012) is a relatively perfect two-phase flow model, the model takes
into account the effect of buoyancy, drag force and virtual mass But the model is too
complex and not easy to apply. The present model which considers the interaction
between solid phase and liquid phase, including buoyancy, drag force, employing the15

Mohr–Coulomb plasticity for the solid stress, and the fluid stress is modeled as a New-
tonian viscous stress. The present model is relatively simple and is advantageous for
the numerical solution and application

7 Model verification

To further assess the capability of the model proposed to reproduce debris flow phe-20

nomena, comparisons between the present model and Pitman and Le model have
been made. For comparison, only the one-dimensional computational case of debris
flow motion is considered. In one-dimensional case, the equations are further reduced
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to

∂ϕh
∂t + ∂ϕhus

∂x = 0

∂(1−ϕ)h
∂t + ∂(1−ϕ)huf

∂x = 0

∂(hϕus)
∂t +

∂
(
hϕu2

s+
1
2kapgz(1−r)ϕh2

)
∂x + 1

2rgzϕ
∂h2

∂x =
gxϕh+ (1−γ)(1−ϕ)ϕh

VT(1−ϕ)m (uf −us)− rgzϕh∂b
∂x −kap(1−γ)gzϕh∂b

∂x
−sgn(us)ϕhgz(1− r) tanθbed

∂(1−ϕ)huf
∂t +

∂(1−ϕ)hu2
f

∂x + 1
2 (1−ϕ)gz

∂h2

∂x =
gx(1−ϕ)h− (1−γ)(1−ϕ)ϕh

VT(1−ϕ)m (uf −us)−gz(1−ϕ)h∂b
∂x

+ (1−ϕ)µ
ρf

(
2∂2uf

∂x2 − χuf

h2

)



(33)

7.1 Formulation in hs, hf

We now rewrite our model by expressing quantities containing the variables ϕ and h in5

terms of the conserved quantities hs =ϕh and hf = (1−ϕ)h. Manipulating suitably the
Eq. (33), we obtain the system

∂hs
∂t + ∂hsus

∂x = 0
∂hf
∂t + ∂hfuf

∂x = 0

∂(hsus)
∂t +

∂
(
hsu

2
s+

1
2gzh

2
s(kap(1−γ)+γ)+ 1

2kapgz(1−γ)hshf

)
∂x +γgzhs

∂hf
∂x

= gxhs +
(1−γ)(1−ϕ)ϕ(hs+hf)

VT(1−ϕ)m (uf −us)−
[
kap(1−γ)gzhs +γgzhs

] ∂b
∂x

−sgn(us)hsgz(1− r) tanθbed

∂hfuf
∂t +

∂
(
hfu

2
f +

1
2gzh

2
f

)
∂x +gzhf

∂hs
∂x

= gxhf −
(1−γ)(1−ϕ)ϕh

VT(1−ϕ)m (uf −us)−hfgz
∂b
∂x + (1−ϕ)µ

ρf

(
2∂2uf

∂x2 − χuf

(hs+hf)
2

)



(34)
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where θ is the angle of inclination of the bed slope as shown in Fig. 2.
The calculated flows are shown schematically in Fig. 2. It was assumed that a fluid-

solid mixture was initially contained on the slope by a vertical wall to form a semicircular
pile (diameter 3.0 m) as indicated in Fig. 2 at time t = 0. The debris flow was released5

from rest on the rough incline and the flow velocities and surge shapes were deter-
mined at later times t > 0. The bed inclination angle θ = 30◦. The solids bed friction an-
gle δ = 25◦ and the internal friction angle was chosen as ϕint = 35◦. The density of solid
phase and the fluid phase are 2400 kNm−3 and 1150 kN m−3, respectively. The volume
fraction of the solid phase ϕ = 0.7. The viscosity of the fluid phase µ = 0.001 Pas.10

Equation (34) can be recast in vector conservation form as

∂U
∂t

+
∂F
∂x

= S (35)

with vectors U, F and S defined as follows

U =


hs

hsus
hf
hfuf

 , F =


hsus

hsu
2
s +

1
2gzh

2
s(kap(1−γ)+γ)+ 1

2kapgz(1−γ)hshf
hfuf

hfu
2
f +

1
2gzh

2
f

 , (36)

S =



0(
gxhs +

(1−γ)(1−ϕ)ϕ(hs+hf)
VT(1−ϕ)m (uf −us)− [kap(1−γ)gzhs +γgzhs]∂b∂x
−γgzhs

∂hf
∂x − sgn(us)hsgz(1− r) tanθbed

)
0

gxhf −
(1−γ)(1−ϕ)ϕh

VT(1−ϕ)m (uf −us)−gzhf
∂hs
∂x −hfgz

∂b
∂x + (1−ϕ)µ

ρf

(
2∂2uf

∂x2 − χuf

(hs+hf)
2

)


(37)15
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7.2 Eigenspace

The governing Eq. (35) can be written in non-conservation form as

∂U
∂t

+A
∂U
∂x

= S (38)

with the Jacobian matrix A defined as

A =


0 1 0 0

c2
s −u2

s 2us c′
shs 0

0 0 0 1
0 0 c2

f −u2
f 2uf

 (39)5

where us and hf denote the depth-averaged velocity for each layer, and where the sign
cs, cf and c′

f are defined as follows:

c2
s = kapgz(1−γ)hs +gzhs +

1
2kapgz(1− r)hf

c2
f = gzhf

c′
s =

1
2kapgz(1− r)

 (40)

The eigenvalues of A are real and distinct10

λ(1)
s = us −cs

λ(2)
s = us +cs

λ(1)
f = uf −cf

λ(2)
f = uf +cf

 (41)

It is noted that Note that c′
s does not bear any physical meaning such as a wave prop-

agation speed in still fluid and it is introduced for the convenience of notation only.
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Assuming that we can accurately calculate the eigenspeeds λp, we can then find the
eigenvectors by solving

0 1 0 0
c2

s −u2
s 2us c′

shs 0
0 0 0 1
0 0 c2

f −u2
f 2uf

 ·


1
α1
α2
α3

 =


λp

α1λp
α2λp
α3λp

 (42)

These equations imply that α1 = λp and α3 = λpα2. We then have two equations for
one unknown α2 which should satisfy the second and fourth equations simultaneously.5

Solving this two equations and we have

α2,p =


(λp−us)2−c2

s

c′
shs

, and

c2
f

(λp−uf)2−c2
f

(43)

where the subscript of p corresponds to the appropriate eigenvalue. We can use either
form of α2 in Eq. (43) and obtain the final form of the eigenvectors as [1,λp,αp,αpλp]T.10

7.3 Solving method

In this paper, we use fractional step method to solve the problem and the 1-D Riemann
problem at the cell interface is solved using Roe’s approximation. The computational
procedure are expressed as follows.

Step 1: Solving the homogeneous SWE15

∂U
∂t

+A
∂U
∂x

= 0 (44)

The Roe’s approximation is used for the linearized system Eq. (44) and the final ex-
pression of Roe’s format is

U ′
i = Un

i +
dt
dx

(Fi− 1
2
− Fi+ 1

2
) (45)
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where dt is time step and dx is grid length, Fi+ 1
2
= 1

2 (Fi +Fi+1)− 1
2

2∑
j=1

αp

∣∣λp∣∣κp and κp

can be obtained by solving

∆U ≡


∆U1
∆U2
∆U3
∆U4

 =
4∑

p=1

αpκp (46)

Step 2: Solve the source term

∂U
∂t

= S (47)5

To reduce numerical instabilities, a semi-implicit method is used and the equation is
discretized as below:

Un+1
i −U ′

i

∆t
= S ′

i (48)

where U ′
i and S ′

i are the solutions of Step 1.

7.4 Numerical experiment10

In order to verify the model accuracy, we calculate a dam-break problem at first accord-
ing to the parameters of Pitman (2005). The initial conditions consist of two constant
states separated by interface located at x = 5. We define the initial values of the flow
height and the solid volume fraction as

h = 3, ϕ = 0.7, us = −1.4, uf = 0.3 if x < 5 and
h = 2, ϕ = 0.4, us = −0.9, uf = 0.1 if x > 5

(49)15
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The computational results are displayed in Fig. 3.
As we know that it may produce spurious oscillations if the numerical schemes are

not well-balanced in numerical tests. The computation result of dam-break problem
using our model agrees well with the result of Pitman (2005). Through the test of dam-
break problem it indicates that our numerical method is able to capture the physically5

correct reflected waves.
After the model feasibility experiment, a case of debris flow is computed using our

model. The initial condition of the debris flow is configured as shown in Fig. 2. In Fig. 4
we display the spatial and temporal evolution of a two-phase debris flow as the mixture
moves down an inclined channel as shown in the insert for t = 3, 6, 10 s, it is observed10

that the height of debris changes from high to low and gradually accumulates with the
bed inclination angle decrease. The collapse and accumulation of debris flow can also
be found in Fig. 4. At the same time, the velocity of debris flow at different time is
shown in Fig. 5. Here, the overall velocity u = ρsϕus+ρf(1−ϕ)uf

ρ and ρ = ρsϕ+ (1−ϕ)ρf.
It is shown that the solid phase and the liquid phase is separated gradually during15

activity. The solid phase is focus on the front of debris flow and corresponding to this
is an increase of the volume fraction. This is a commonly observed phenomena in
granular-rich debris flows, in which the front is solids-rich and the main body is followed
by a fluid-rich tail (Iverson, 1997; Iverson and Denlinger, 2001; Pudasaini et al., 2005).
The mass flows moving down an incline can be divided into three sections. The bed20

inclination angle of upper parts of the incline (0 ≤ x ≤ 120) is θ = 30◦, the bed inclination
angle of middle part (120 < x ≤ 200) is decrease progressively and the third section
(200 < x ≤ 400) is horizontal. The initial height of debris flow is 4 m and the extent
40 m. The boundary conditions are zero because we set the computational domain is
sufficiently large.25

An important aspect of the two-phase debris flow simulation is the solid volume frac-
tion. The size of it has great influences the movement of debris flow. In this paper, we
also compare the movement of debris flow with different volume fraction (Fig. 6). Ini-
tially the height of debris flow h = 4 m, the solid volume fraction is ϕ = 0.3 and ϕ = 0.9,

2171

http://www.nat-hazards-earth-syst-sci-discuss.net
http://www.nat-hazards-earth-syst-sci-discuss.net/2/2151/2014/nhessd-2-2151-2014-print.pdf
http://www.nat-hazards-earth-syst-sci-discuss.net/2/2151/2014/nhessd-2-2151-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/


NHESSD
2, 2151–2183, 2014

A two-phase model
for numerical

simulation of debris
flows

S. He et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

the conditions of the other are same. Three times has been used to represent the
movement of debris as t = 3, 7, 10 s. Here, we should notice the viscous parameter
µ, it is a commonly observed phenomena that the viscous of debris flow is get higher
with the increasing of the volume fraction, so when we use different volume fraction to
simulation the movement of debris, the viscous parameter µ should be different. Fol-5

lowing debris collapse, the debris with lower solid volume fraction is moving faster and
the distance of two debris flow is greater. Note that, the debris with low volume fraction
is easier to disperse so its tail is longer. This is the liquid phase character reflect in the
process of movement of debris flow.

Another important aspect of the two-phase debris flow simulation is the fluid viscosity.10

In Pitman model (2005), the fluid is considered as inviscid fluid and thus the effects of
fluid viscosity on the movement has been ignored. In order to reflect the important
of fluid viscosity in the process of debris flow, we compare our model with Pitman
model (2005) (Fig. 7). Initially the height of debris flow h = 4 m, the volume fraction of
debris ϕ = 0.7 and other conditions is same as Fig. 2. Three times has been used to15

represent the movement of debris as t = 3, 6, 9 s. In this simulation, it is observed that
the movement of debris flow is slower if the fluid viscosity is considered. Because of
considering fluid viscosity, the resistance in debris flow increases so that the velocity of
debris decreases correspondingly. It is noted that the debris considering fluid viscosity
has a longer tail, It shows that the friction force between debris and ground increases20

because of fluid viscosity. Therefore, the importance of fluid viscosity in the process of
movement of debris flow cannot be ignored.

8 Conclusion

In the paper, a novel two-phase model of debris flow has been presented. The model
is based on a two-phase formulation and it has been derived from mass and mo-25

mentum conservation principles applied to debris flow based on the shallow water
assumption and depth-average integration. Mohr–Coulomb plasticity is used to close
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the solid stress. The fluid stress is modeled as a Newtonian viscous stress. The sys-
tem equations differ from the conservation equations used in many previous models of
two-phase. Firstly, a dam-break problem is calculated to indicate that our model can
describe the complex dynamics of two-phase debris flows. On the other hand, in or-
der to display the importance of fluid viscosity in the process of movement of debris5

flow, several numerical experiments have been presented. The Pitman and Le’s model
ignores the viscosity influence of fluid phase may overestimate the mobility of two-
phase debris flow. We compare our model with Pitman model (2005) and prove that
the fluid viscosity is an undeniable role in debris flow movement. Base on the impor-
tance of fluid viscosity, we consider the effect of different volume fraction in the process10

of movement of debris flow, debris flow shape has been presented at different times.
Simulation results demonstrate that viscous stress of fluid phase and volume fraction
of solid phase significantly affects the flow dynamics. The results of this model hint that
an entrainment model can lead to a better practice in the quantification of hazards.
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search Program of China (2013CB733201), NSFC (Grant No. 41272346, 41101008), and the
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Table 1. Comparisons of other author’s two-phase model of debris flow with present model.

Authors Theoretical Solid phase Fluid phase Interaction
principle forces

Iverson (1997)
Iverson and
Denlinger (2001)

Coulomb mixture
theory

Savage–Hutter
model

Newtonian fluids
τi j = −

(
p+ 2

3µ∇ ·u
)
δi j +2µei j

–

Pitman and Le
(2005)

phase-averaged
theory

Savage–Hutter
model

Ideal fluid
τi j = pδi j

f = (1−ϕ)β(u− v )

β = (ρs−ρf)ϕg

Vt(1−ϕ)m

Pudasaini
(2012)

phase-averaged
theory

Savage–Hutter
model

Non-Newtonian fluid
τf = ηf

[
∇ ·uf + (∇ ·uf)

t
]
−ηf

A(αf)
αf[

(∇ ·αs)(uf −us)+ (uf −us)(∇ ·αs)
]

Ms = CDG(uf −us)|uf −us|
−CVMG

d
dt (uf −us)

Bouchut
(2013)

dissipative energy
balance

Savage–Hutter
model

Ideal fluid
τi j = pδi j

f = (1−ϕ)β(u− v )

β = (ρs−ρf)ϕg

VT(1−ϕ)m

Present model
(2013)

phase-averaged
theory

Savage–Hutter
model

Newtonian fluid
τi j = −

(
p+ 2

3µ∇ ·u
)
δi j +2µei j

f = (1−ϕ)β(u− v )

β = (ρs−ρf)ϕg

VT(1−ϕ)m
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and ρ represents the density. fτ is the extra stress for fluid. Acceleration due to gravity is denoted by g . 

f represents the non-buoyant value of the resultant force exerted by the fluid on a solid particle. The solid 

volume fraction isϕ .Note that both the grain density sρ and the fluid density fρ are constant, so that each 

material is incompressible. However, the density of the solid phase sϕρ and the density of the fluid 

phase ( ) fρϕ−1 can change becauseϕ varies with space and time. 

 

Fig.1 Schematic diagram of the coordinate system and boundary of debris flow  

An empirical form is proposed for the non-buoyant interaction force f  (Anderson，et al 1995，

Jackson,2000), which is the product of the relative velocity and a phenomenological constant as follows 

( ) ( )sff uu −−= βϕ1                                  (3) 

where the leading factor of ( )1 ϕ−  accounts for the volume of the fluid acting on the entire particle phase, 

β is a phenomenological function based on the experimental results of Richardson & Zaki and is expressed 

as 

( )
( )mT

fs

V
g

ϕ
ϕρρ

β
−

−
=

1
                                  (4) 

Tv is the terminal velocity of a typical solid particle falling in the fluid under gravity, g is the magnitude of 

the gravitational force and m is related to the Reynolds number of the flow.  

The phase-averaged viscous-fluid stresses are modeled using a Newtonian fluid rheology： 

2 2
3ij ij ijp eτ μ δ μ⎛ ⎞= − + ∇⋅ +⎜ ⎟

⎝ ⎠
u                      （5） 

here, μ is the viscous coefficient. 

3. Boundary conditions 
Eqs.(1)-(4) are subject to kinematic and dynamic boundary conditions for both solid and fluid phases 

at the upper surface conditions for both solid and fluid phases at the upper surface and the base. Thus, the 

corresponding kinematic determined by the solid phase and fluid phase at the free surface, 0=tz : 

Fig. 1. Schematic diagram of the coordinate system and boundary of debris flow.
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Fig.2 Schematic diagram of the release of a finite mass of debris flow on a rough incline 

The calculated flows are shown schematically in Figure 2. It was assumed that a fluid-solid mixture 

was initially contained on the slope by a vertical wall to form a semicircular pile (diameter 3.0m )as 

indicated in Figure 2 at time t = 0. The debris flow was released from rest on the rough incline and the flow 

velocities and surge shapes were determined at later times t > 0.The bed inclination angle 030=θ . The 

solids bed friction angle 025=δ  and the internal friction angle was chosen as 0
int 35=ϕ . The density of 

solid phase and the fluid phase are 2400 KN/m3 and 1150 KN/m3, respectively. The volume fraction of the 

solid phase 0.7ϕ = . The viscosity of the fluid phase 001.0=μ pa.s. 

The equations (33) can be recast in vector conservation form as  

U F S
t x

∂ ∂
+ =

∂ ∂
                                    (34) 

with vectorsU , F and S defined as follows 

( )( ) ( )

( )( ) ( )
( )

( ) ( ) ( ) ( )

2 2
z s

2 2

1 11 + 1
2 2, ,

1
2

0

1 1
1 h h - 1 tan

1
0

s s

s

s s s ap ap z f
s s

f f f

f f
f f z f

s f f
x s f s ap z s z s z s s s z bedm

T

x f

h u
h

h u g h k k g h hh u
U F

h h u
h u

h u g h

h h hbg h u u k g g g h sgn u h g r
x xV

S

g h

γ γ γ

γ ϕ ϕ
γ γ γ θ

ϕ

⎛ ⎞
⎜ ⎟⎛ ⎞
⎜ ⎟⎜ ⎟ + − + −
⎜ ⎟⎜ ⎟= =⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ +⎜ ⎟
⎝ ⎠

− − + ∂∂⎡ ⎤+ − − − + − −⎣ ⎦ ∂ ∂−
=

−
( )( )

( )
( ) ( )

( )
2

22

1 1 1-
- 2

1
f fs

f s z f f zm
fT s f

u uh h bu u g h h g
x x xV h h

χγ ϕ ϕ ϕ μ
ρϕ

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟

⎛ ⎞⎜ ⎟∂− − ∂ ∂ ⎜ ⎟⎜ ⎟− − + −
⎜ ⎟∂ ∂ ∂⎜ ⎟− +⎝ ⎠⎝ ⎠

  (35) 

7.2 Eigenspace 

The governing Eq. (34) can be written in non-conservation form as 

Fig. 2. Schematic diagram of the release of a finite mass of debris flow on a rough incline.
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where '
iU  and '

iS are the solutions of Step 1. 

7.4 Numerical experiment 

In order to verify the model accuracy, we calculate a dam-break problem at first according to the 

parameters of Pitman (2005). The initial conditions consist of two constant states separated by interface 

located at 5x = . We define the initial values of the flow height and the solid volume fraction as 

3, 0.7, 1.4, 0.3 5

2, 0.4, 0.9, 0.1 5
s f

s f

h u u if x and

h u u if x

ϕ

ϕ

= = = − = <

= = = − = >
            (47) 

 The computational results are displayed in Figure 3. 

 

Figure 3. Compuational results of flow depth h (red line) ,variables sh (green line) and fh
(blue line) at 0.5t s= . The computational result of 

dam-break problem using our model accords with the result of Pitman (2005). It is proved that our model is able to capture the physically correct 

reflected waves. 

As we know that it may produce spurious oscillations if the numerical schemes are not well-balanced in 

numerical tests. The computation result of dam-break problem using our model agrees well with the result 

of Pitman (2005). Through the test of dam-break problem it indicates that our numerical method is able to 

capture the physically correct reflected waves. 

After the model feasibility experiment, a case of debris flow is computed using our model. The initial 

condition of debris flow is configured as shown inFigure 2. In Figure 4 we display the spatial and temporal 

evolution of a two-phase debris flow as the mixture moves down an inclined channel as shown in the insert 

for 3, 6, 10t s= , it is observed that the height of debris changes from high to low and gradually 

accumulates with the bed inclination angle decrease. The collapse and accumulation of debris flow can also 

be found in Fig. 4. At the same time, the velocity of debris flow at different time is shown in Fig. 5. Here, 

Fig. 3. Compuational results of flow depth h (red line), variables hs (green line) and hf (blue
line) at t = 0.5 s. The computational result of dam-break problem using our model accords with
the result of Pitman (2005). It is proved that our model is able to capture the physically correct
reflected waves.

2179

http://www.nat-hazards-earth-syst-sci-discuss.net
http://www.nat-hazards-earth-syst-sci-discuss.net/2/2151/2014/nhessd-2-2151-2014-print.pdf
http://www.nat-hazards-earth-syst-sci-discuss.net/2/2151/2014/nhessd-2-2151-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/


NHESSD
2, 2151–2183, 2014

A two-phase model
for numerical

simulation of debris
flows

S. He et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

the overall velocity ( )1s s f fu u
u

ρ ϕ ρ ϕ
ρ

+ −
= and ( )1s fρ ρ ϕ ϕ ρ= + − . It is shown that the solid 

phase and the liquid phase is separated gradually during activity. The solid phase is focus on the front of 

debris flow and corresponding to this is an increase of the volume fraction. This is a commonly observed 

phenomena in granular-rich debris flows, in which the front is solids-rich and the main body is followed by 

a fluid-rich tail [Iverson, 1997;Iverson and Denlinger, 2001; Pudasaini et al., 2005]. The mass flows 

moving down an incline can be divided into three sections. The bed inclination angle of upper parts of the 

incline ( 0 120x≤ ≤ ) is 030=θ , the bed inclination angle of middle part (120 200x< ≤ ) is decrease 

progressively and the third section ( 200 400x< ≤ ) is horizontal. The initial height of debris flow is 4 m 

and the extent 40 m. The boundary conditions are zero because we set the computational domain is 

sufficiently large. 

 

Figure 4. Spatial and temporal evolution of a two-phase debris flow as the mixture moves down an inclined channel as shown in the insert 

for 3, 6, 10t s= . Initially, the height of debris flow 4h = , the volume fraction 0.7ϕ = . The evolution of the debris flow, at different time, 

represent by different color solid line, respectively. (a), (b), (c) are the partial enlarged view of debris flow at different time, represent by the dash line 

correspond to the same color solid line. It is observed that the height of debris is change from high to low and gradually accumulation with the bed 

inclination angle decrease. 

Fig. 4. Spatial and temporal evolution of a two-phase debris flow as the mixture moves down
an inclined channel is shown in the insert at t = 3, 6, 10 s. Initially, the height of debris flow
h = 4 m, the volume fraction ϕ = 0.7. The evolution of the debris flow, at different time, represent
by different color solid line, respectively. (a–c) are the partial enlarged view of debris flow at
different time, represent by the dash line correspond to the same color solid line. It is observed
that the height of debris is change from high to low and gradually accumulation with the bed
inclination angle decrease.
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Figure 5. The picture show that the spatial and temporal evolution of velocity of a two-phase debris flow with different time as 3, 5, 7, 10t s= . 

The initial condition is same as Figure 4. The overall velocity, solid phase velocity and liquid phase velocity is represented by different color solid line. 

Note that, in the process of debris flow movement, the range of velocity of solid phase is focus on the front of debris flow gradually, it is show that the 

solid phase and liquid phase is separately. Corresponding to the change of the solid phase velocity, the front volume fraction of debris flow is increased 

and the back volume fraction is decrease. 

An important aspect of the two-phase debris flow simulation is the solid volume fraction. The size of 

it has great influences the movement of debris flow. In this paper, we also compare the movement of debris 

flow with different volume fraction (Figure 6). Initially the height of debris flow 4h =  m, the solid volume 

fraction is 0.3ϕ = and 0.9ϕ = , the conditions of the other are same. Three times has been used to represent 

the movement of debris as 3, 7, 10t s= . Here, we should notice the viscous parameterμ , it is a commonly 

observed phenomena that the viscous of debris flow is get higher with the increasing of the volume fraction, 

so when we use different volume fraction to simulation the movement of debris, the viscous parameterμ  

should be different. Following debris collapse, the debris with lower solid volume fraction is moving faster 

and the distance of two debris flow is greater. Note that, the debris with low volume fraction is easier to 

disperse so its tail is longer. This is the liquid phase character reflect in the process of movement of debris 

flow. 

Fig. 5. The figure shows the spatial and temporal evolution of velocity of a two-phase debris
flow with different time of t = 3, 5, 7, 10 s. The initial condition of Fig. 5 is same as Fig. 4. The
overall velocity, solid phase velocity and liquid phase velocity is represented by different color
solid line. Note that, in the process of debris flow movement, the range of velocity of solid phase
is focus on the front of debris flow gradually; it is show that the solid phase and liquid phase is
separately. Corresponding to the change of the solid phase velocity, the front volume fraction
of debris flow is increased and the back volume fraction is decrease.
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Figure 6. In the figure the movement of debris with different volume fraction is shown, three times as 3, 7, 10t s= has been used to plot the shape 

of debris flow. The debris with 0 .3ϕ = is represent by solid line and the dash line is 0 .9ϕ = . (a), (b), (c) are the partial enlarged view of debris 

flow at different time. It is observed that the debris flow is move slow down with the higher of volume fraction so that the distance of two debris flow 

is greater and also it is easier to pile up. Note that, the tail of debris with low volume fraction is longer than anther. This is the liquid phase character 

reflect in the process of movement of debris flow. 

Another important aspect of the two-phase debris flow simulation is the fluid viscosity. In Pitman 

model (2005), the fluid is considered as inviscid fluid and thus the effects of fluid viscosity on the 

movement has been ignored. In order to reflect the important of fluid viscosity in the process of debris flow, 

we compare our model with Pitman model (2005) (Figure 7). Initially the height of debris flow 4h =  m, 

the volume fraction of debris 0.7ϕ = and other conditions is same as Figure 2. Three times has been used to 

represent the movement of debris as 3, 6, 9t s= . In this simulation, it is observed that the movement of 

debris flow is slower if the fluid viscosity is considered. Because of considering fluid viscosity, the 

resistance in debris flow increases so that the velocity of debris decreases correspondingly. It is noted that 

the debris considering fluid viscosity has a longer tail, It shows that the friction force between debris and 

ground increases because of fluid viscosity. Therefore, the importance of fluid viscosity in the process of 

movement of debris flow cannot be ignored. 

Fig. 6. In the figure the movement of debris with different volume fraction is shown, three times
as t = 3, 7, 10 s has been used to plot the shape of debris flow. The debris with ϕ = 0.3 is
represent by solid line and the dash line is ϕ = 0.9. (a–c) are the partial enlarged view of debris
flow at different time. It is observed that the debris flow is move slow down with the higher of
volume fraction so that the distance of two debris flow is greater and also it is easier to pile
up. Note that, the tail of debris with low volume fraction is longer than anther. This is the liquid
phase character reflect in the process of movement of debris flow.
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Figure 7. We set that the parameter between two models is same. The volume fraction 0.7ϕ = and we plot the movement of the debris flow at 

different time as 3, 6, 9t s= . (a), (b) and (c) is the partial enlarged view of debris flow at different time. It is easy to find that the movement of 

debris flow is slower if consider the fluid viscosity. Because of consider fluid viscosity, the resistance in debris flow is increase so that the velocity of 

debris is decrease corresponding. Note that, the debris consider fluid viscosity has a longer tail, It shows that the friction force between debris and 

ground is increase because of fluid viscosity. So the importance of fluid viscosity in the process of movement of debris flow cannot be ignored. 

8. Conclusion 

In the paper, a novel two-phase model of debris flow has been presented. The model is based on a 

two-phase formulation and it has been derived from mass and momentum conservation principles applied 

to debris flow based on the shallow water assumption and depth-average integration. Mohr-Coulomb 

plasticity is used to close the solid stress. The fluid stress is modeled as a Newtonian viscous stress. The 

system equations differ from the conservation equations used in many previous models of two-phase. 

Firstly, a dam-break problem is calculated to indicate that our model can describe the complex dynamics of 

two-phase debris flows. On the other hand, in order to display the importance of fluid viscosity in the 

process of movement of debris flow, several numerical experiments have been presented. The Pitman & 

Le’s model ignores the viscosity influence of fluid phase may overestimate the mobility of two-phase 

debris flow. We compare our model with Pitman model (2005) and prove that the fluid viscosity is an 

undeniable role in debris flow movement. Base on the importance of fluid viscosity, we consider the effect 

of different volume fraction in the process of movement of debris flow, debris flow shape has been 

presented at different times. Simulation results demonstrate that viscous stress of fluid phase and volume 

fraction of solid phase significantly affects the flow dynamics. The results of this model hint that an 

entrainment model can lead to a better practice in the quantification of hazards. 
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Fig. 7. We set that the parameter between two models is same. The volume fraction ϕ = 0.7
and we plot the movement of the debris flow at different time as t = 3, 6, 9 s. (a–c) is the partial
enlarged view of debris flow at different time. It is easy to find that the movement of debris
flow is slower if the fluid viscosity is considered. Because of consideration of fluid viscosity, the
resistance in debris flow is increase so that the velocity of debris is decrease corresponding.
Note that, the debris consider fluid viscosity has a longer tail, It shows that the friction force
between debris and ground is increase because of fluid viscosity. So the importance of fluid
viscosity in the process of movement of debris flow cannot be ignored.
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