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Abstract

In this article we present the results of a broad numerical investigation on the stabil-
ity of breather-type solutions of the nonlinear Schrédinger (NLS) equation, specifically
the one- and two-mode breathers for an unstable plane wave, which are frequently
used to model rogue waves. The numerical experiments involve large ensembles of
perturbed initial data for six typical random perturbations. Ensemble estimates of the
“closeness”, A(t), of the perturbed solution to an element of the respective unperturbed
family indicate that the only neutrally stable breathers are the ones of maximal dimen-
sion, that is: given an unstable background with N unstable modes, the only neutrally
stable breathers are the N-dimensional ones (obtained as a superimposition of N sim-
ple breathers via iterated Backlund transformations). Conversely, breathers which are
not fully saturated are sensitive to noisy environments and are unstable. Interestingly,
A(t) is smallest for the coalesced two-mode breather indicating the coalesced case
may be the most robust two-mode breather in a laboratory setting. The numerical sim-
ulations confirm and provide a realistic realization of the stability behavior established
analytically by the authors.

1 Introduction

Interest in understanding rogue wave phenomena has been steadily growing for the
past decade, especially with current concerns over potential climate changes and their
affect on the likelihood and height of rogue waves. The focusing nonlinear Schrédinger
(NLS) equation

iy + Uy, + 2JufPu =0, (1)

often appears in studies of rogue wave formation in deep water when wave ampli-

fication is assumed to be primarily due to nonlinear focusing and the modulational

instability. As a result, several classes of solutions of the NLS equation are considered
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to be prototypes of rogue waves. For periodic boundary conditions, u(x + L, t) = u(x, t),
one such family is the family of homoclinic orbits of unstable plane waves with N un-
stable modes (Dysthe and Trulsen, 1999; Osborne et al., 2000; Calini and Schober,
2002; Akhmediev et al., 2009a). We will refer to these homoclinic orbits, which can
have M < N modes excited, as M-mode spatially periodic breather (SPB) solutions
(see Figs. 1 and 2). Time- periodic breather-type solutions as well as rational solutions
which arise as singular limits of breather-type solutions and which decay polynomially
in space and time have also been studied (Ankiewicz et al., 2010; Akhmediev et al.,
2009b; Ohta and Yang, 2012).

For modeling purposes, the issue of robustness of these families of solutions is im-
portant. To successfully observe or reproduce rogue waves in a setting where noise
and small higher order nonlinear effects are inherent requires: (i) solutions to remain
close when there are small random variations initially and (ii) persistence in pertur-
bations of the NLS equation. In this article we take a closer look at the stability of the
one-mode SPBs over a plane wave with one or two unstable modes (UMs) and the two-
mode SPBs over a plane wave with two UMs. In Sect. 2 we recall the basic elements
of the associated Floquet theory which allows for an exploration of the structure and
properties of the SPB solutions. Section 3, the focus of this paper, provides the results
of a broad numerical investigation of the stability of the SPBs with respect to a wide
range of initial perturbations f;(x). We consider (i) random shifts in the initial phase (ii)
random spatial perturbations in the height of the wave, (iii) random noise, (iv) local-
ized random gaussian perturbations, and (v and vi) random high and low frequency
perturbations. For each type of SPB and for each f,(x) an ensemble of 100 numerical
experiments was carried out varying the random component in the initial data.

To study reproducibility/stability numerically, we first find the “closest” element of the
family of SPBs to the perturbed solution. Varying the parameters of the family and us-
ing the H,-norm to measure distances, the closest element is found my minimizing the
maximum distance between the perturbed solution and the members of the family of
SPBs. Contour plots provide another diagnostic since they are visually intuitive and
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show when solutions stay structurally close to each other in “shape”. The ensemble
estimates of closeness, A(t), indicate that the only neutrally stable SPBs are those for
which all the instabilities of the underlying plane wave are saturated, e.g. the two-mode
SPB over a plane wave with two UMs. In the numerical simulations the perturbed SPBs
may develop a small spatial asymmetry due to the random perturbations. Interestingly,
when considering the family of two-mode SPBs, A(t) is smallest for the coalesced
two-mode SPB since the spatial asymmetry is minimized. The authors studied the per-
sistence of one- and two-mode SPBs for several perturbed NLS models on a periodic
domain (Calini and Schober, 2002, 2009); numerical simulations and Melnikov argu-
ments indicated the persistence under perturbation of the coalesced two-mode SPB.
These two observations indicate the coalesced case may be the most robust two-mode
SPB in a laboratory setting. Conversely, SPBs which are not fully saturated are sen-
sitive to noisy environments and are unstable. Finally, in Sect. 4 we outline our linear
stability analysis of the one- and two-mode SPBs which support the results of the nu-
merical investigation.

2 Analytical background

In this section we provide the necessary elements of the associated Floquet spectral
theory to enable a study of the stability of the SPBs. The NLS equation is equivalent to
the consistency of the following Zakharov—Shabat linear system (Z-S) (Zakharov and
Shabat, 1972)

a .
L‘"N:(W-tl'1 a_u.>v=0
u % — 1A

2 2
£y = 2 —i(|uf” - 24%)
—iuy +2AU"

—iu, —2Au >V=O, @)

2 +i(uf’ -22%)
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where 1 is the spectral parameter and u(x, t) is a solution of the NLS equation itself.
The spectrum of £ is defined by

o(LY) := {1 € C|LY)v = 0,|v| bounded Vx}, ©

and for u(x + L, t) = u(x, t) the spectrum is obtained using Floquet theory. Starting with
the monodromy matrix of Eq. (2), M(x; u, 1), and letting A(u, A) := trM(L; u, A), the spec-
trum is given by the following condition on the discriminant A(u, 1):

o(L™):= {1 e C|A(u,A) e R, -2 < A(u, 1) < 2}. (4)
Of particular interest are the following elements of the periodic spectrum:

1. The simple spectrum, ¢° = {17|A(u, 1) = 2, dA/dA # 0}.
2. Double points of the spectrum, o = {A7|A(u, 1) = 2, dA/dA =0, a*A/dA® # 0}.

The spectrum of LY is invariant under the NLS flow and each periodic eigenvalue
determines the structure and dynamical stability of the corresponding nonlinear mode.
In particular there are no instabilities associated with Af or real /1}’, whereas linear

instabilities arise when the /17 are complex.

To illustrate the relation between the number of complex /1}" and the number of insta-

(2dt+¢

bilities, we consider the plane wave solution u,(t) = ae' ). For small perturbations

u(x, t) = ug()(1 + e(x, 1)), le| < 1, e satisfies

ie; + €,y +2|a’(e + €*) = 0. (5)

Thus € o e4**9" where u; = 2mj/L and 01.2 = ,uj?(4|a|2 —uj?). The solution is unstable

if 0< (j1r/L)2 < |a|2 and the number of unstable modes (UMs) is the largest integer
M such that 0 < M <|a|L/m. On the other hand, the discriminant of the plane wave
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is A(a;A) = 2cos(V a2 + A2L). The discrete spectrum is given by /18 = +ja and (/1;.’)2 =

()% - &, j # 0. Notice that the A7 are complex if 0 < (jn/L)° < |af* which is the same

condition for a mode to be linearly unstable.
2.1 SPBs over an unstable plane wave

Explicit representations for the SPBs can be constructed using the Backlund-gauge
transformation for the NLS equation (see Sect. 4). For an unstable plane wave with N
UMs, a single Backlund transformation at a complex /1}’ generates the one-mode SPB
family corresponding to the jth unstable mode,

U (x, t; p) =aei@ t+®)
x [cos 2p; —sinp; sech(p - o;t) cos(2mjx/L + B)
+isin2p;tanh(o - o;t)]
x [1+sinp; sech(p - o;t) cos(2mjx /L + )] - (6)

The parameter p governs the time at which the mode becomes excited, ,Bj is related
to spatial shifts in the solution, y; = 2mj/L, and p; = arccosj/alL. The one-mode SPB
limits to a phase translation of the plane wave as t — +oo with the decay rate o;. For
example, Fig. 1a and b show the amplitudes of the two different one-mode SPBs,
U(”(x, t;p) and U(Z)(x, t;0), over an unstable plane wave with two UMs for a = 0.5,
L=4V2m, p=¢p=08=0,and x e [-L/2,L/2], t € [-10,10]. The one-mode SPB over
an unstable plane wave with one UM has the same structure as in Fig. 1a, L is simply
adjusted to allow for only one UM. In the next sections we show that the one-mode
SPB is neutrally stable and reproducible only when the underlying plane wave has one
UM.

To find a higher dimensional M-mode SBP (1 < M < N) requires M iterations of the
the Backlund-gauge transformation (see Eq. 17) since at each step we also need to
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know the corresponding eigenfunctions of the Lax pair. Each iteration of the trans-
formation introduces an additional parameter in the resulting solution. Applying the
Backlund-gauge transformation successively at complex /1? and /lg generates a two-
mode SPB family of the form (see Calini and Schober, 2002 for the exact formula):

sig?t N(X, 6,0, 7)

Dix,t:0,7) 7)

U2 (x, t:p,7) = ae
The amplitude of Eq. (7) is shown in Fig. 2a where the two spatial modes are distinct
with p=-2, 7=-5,a=05, L= 421, te [-10,10]. Figure 2a shows the two-mode
SPB can be thought of as a nonlinear superposition of two one-mode SPBs with spa-
tial modes cos(u4x + 1) and cos(u,x + B5). As before, as t — oo the 2-mode SPB
approaches a phase translation of the plane wave exponentially fast.

The parameters p and 7 determine the time at which the first and second mode,
respectively, become excited. Ultimately o and 7 govern the shape, amplitude, and
steepness of the SPB since they can be adjusted to excite the modes at the same time
(0 = -2, T=-3). We refer to this case as the coalesced two-mode SPB, see Fig. 2b.
Surprisingly, as we will see in the next section, even though the coalesced two-mode
SPB has steeper gradients, it can be more robust to random perturbations of the inital
data than a generic two-mode SPB.

3 Numerical evidence of stability

To integrate the NLS Eq. (1) with periodic boundary conditions we use a highly accurate
and efficient exponential integrator that uses Pade rational-function approximations to
the exponential, a Fourier-mode decomposition in space and a fourth-order RK dis-
cretization in time (Khaliq et al., 2009). This scheme has extensively been tested with
a variety of known analytical solutions. For example, using N = 256 Fourier modes in
space and a timestep At = 1072, we find that the H'-norm of the difference between
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the analytical and numerical solutions is at most 0(10‘12). On the other hand, the er-
ror in the global invariants, the norm, the momentum and the Hamiltonian is at most
0(107°).

For simplicity we examine the stability of the one- and two-mode SPB solutions. The
results are generalizable to the case of an M mode breather over an unstable plane
wave with N > M unstable modes (UMs). We start by letting

Ug(x,0) = UD(x,0;0) + ef(x), j=1,2 (8)
or
U,(x,0) = U1?(x,0;0,7) + ef(x), (9)

where e should be on the order of experlmental error, 0 < € < 1. The parameters p and
7 are selected so that U¥ (x,0;p) or Ut )(x 0;0,7) are not too close to the unstable
plane wave in order to avoid exciting any of its instabilities. In all the numerical exper-
iments the perturbation parameter € = 10™* and the time frame is t € [0,30]. There is
an inherent limitation to the time frame considered since for longer times the solutions
will enter a neighborhood of the plane wave.

Three cases are under consideration: U(/)(x t) over the plane wave with (i) N =1

or (i) N=2 UMs and (i) U"?(x, t) over the plane wave with N =2 UMs. If U,(x, 1)
remains close, in an appropriate sense to be discussed below, to an element of the
respective family, uv (x,t;0)) or ut 2)(x t; 0,7), then this indicates the SPB is neutrally
stable; otherwise it is unstable.

In each of the three cases (i—iii) and for each of the following perturbations f;(x),i =
1,...,6, shown in Fig. 3, an ensemble of 100 numerical experiments was carried out by
varying the random component in the intial data:

a. fi(x) =cos2mk(x + @)/L, k = 1,2 where ¢ € [0,1] is a random shift in the phase;

b. f,(x) = r(x)cos2mkx/L,k = 1,2, where r(x) € [0,1] is a spatially random perturba-
tion in the height of the wave;
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c. fz(x) = r(x) where r(x) € [0, 1] is random noise;

2
d. (x) = 33_, re(x)e”* " where ri(x) € [0,1] are random fields. This represents
a set of localized gaussian perturbations about the points x;;

e. fz(x) = ZI’L_K rk(x)eiznkX/L for small K, where r,(x) € [0, 1] are random fields. This
gives a low frequency perturbation;

f. fy(x) = ( ;f_f + 25:/(_2) r(x)e”™/L for large K, where r,(x) € [0,1] are ran-

dom fields. This gives a high frequency perturbation.

To study reproducibility/stability, in the numerical experiments we examine the evo-
lution of the norm of the difference of the perturbed solution with the closest element
of the unperturbed family. For example, in the case of a one-mode SPB, i.e. solution
Eq. (6), we start with

HO(t;0) = [|Us(x, 1) = UD(x, £ 0)]| - (10)
To determine the closest element of U¥ (x, t; o) to the perturbed solution we let
Ho0) = MaXiepo s0HY (1 0) (1)
and then determine the parameter value p* which minimizes Hg)ax(p), i.e

Hm = MinyH (0) = Hepa(0°). (12)

As such, UU)(X, t;p") is the closest element and the evolution of ’H(j)(t;p*) provides
a measurement of how close the perturbed solution is to an element of the one-mode

SPBs. We estimate an ensemble measure of “closeness” using Af.j)(t), the average of
H(’)(t;p*) over all 100 simulations, for each f; (note that p" is different for each simula-
tion).
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We also use contour plots as a reproducibility/stability diagnostic since they are visu-
ally intuitive and show when solutions stay structurally close to each other in “shape”,
a feature which can’t be determined by examination of A(’ (t) alone. In the contour plots
we superimpose the contour of the amplitude obtained from the numerically generated
solution U,(x, t) on that of the respective unperturbed analytical solution, U(/)(x t;p") or
Ut 2)(x t, ", 7). AIthough we present only sample contour plots for the different cases,
the graphs of A (t) provide the information obtained from the entire ensemble for each
perturbation f;. The numerical results consistently indicate that only the SPBs with all
the instabilities of the underlying plane wave staturated are neutrally stable.

Case one: We consider the one-mode SPB over a plane wave with one UM,
Eq (6) with j=1, a=0.5 and L=2v2x. Figure 4a shows M\ (o) for U,(x,0) =
Ut (x 0; p) + ef3(x). Note that H( ) occurs at p* ~ 5.04. The contours of |U.(x, t)| and
of |U"( ) (x,t;07)|, the nearest one- mode SPB found by minimizing Hm;X(p), are given in
Fig. 4b. Here, U.(x, t) and the nearest SPB are visually identical. Figure 4c provides the
evolution of Ap)(t) for each random f;(x). The small growth in Af.”(t) to 10™% at t~ 11
for all f,(x) is due to a small spatial asymmetry which develops in the perturbed solution
due to the random nature of the f,(x). This growth is not significant — compare it to the
growth in Aﬁ”(t) or AEZ)(t) in Figs. 5 or 6 when the underlying plane wave has two UMs.
These results show the perturbed solution stays near to U(1)(x, t; ") for a substantial
period of time, indicating the one-mode SPBs are neutrally stable when the underlying
plane wave has only one mode.

Case two: Next we consider the one-mode SPB over a plane wave with two UMs,
Eq. (6) with j=1,2, a=0.5 and L =4v2n. The contours of |U(x, 1) for Uy(x,0) =
Ut (x 0;0) + ef;(x) (where k=2 in fj(x)) and of |U(”(x, t;07)|, are given in Fig. 5a.
The closest one-mode SPB found by minimizing H,;;X(p) matches only the first mode
of the perturbed solution. A second mode is excited in the perturbed solution at t ~ 20
which does not develop in any element of |U(1)(x, t;p)|- In Fig. 5b the ensemble mea-
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sure of closeness, AE”(t), shows rapid large growth to ©O(10) when this second mode
develops. This second mode is excited in U.(x, t) for all random f,(x) and, in fact the
maximum of Ap)(t) is larger for the other perturbations. Figure 6a shows the corre-
sponding contours when U, (x,0) = U®(x,0; p) +€f, (x) (for k = 1 in f,(x)). Similar rapid
growth in AEZ)(t) is observed, Fig. 6b, indicating the one-mode SPBs are unstable over
plane waves with N > 2 UMs.

Case three: Finally we consider the two-mode SPB over a plane wave with two UMs,
expression (7) with i =1, j=2, a= 0.5 and L = 4V/27. In this case we need to find the
element of the family U(1’2)(x, t;p,7) closest to U.(x,t). The parameters p and 7 de-
termine the time when the first and second modes of the SPB become excited. We
successively find p* and then 7%, which minimize the differences of the first and sec-
ond developing modes between the perturbed and unpertubed solutions, respectively.
Generalizing, let

HOD(t; 0%, 7) = ||Ua(x, 1) = UMD (x, t; 0%, T)|| 41 (13)
To determine the closest element of U"? (x,t;07,7) to the perturbed solution we let

12), . .
Hr(nax)(p ,T) = MaX;eo 3 H 2 (1 0°,7) (14)

and then determine the unique 7* which minimizes Hg,ﬁ)(p*,r), i.e

1,2 . 1,2 * 1,2 %
M2 = min, #1207, 1) = HI2 (0, 7). (15)

As before, the ensemble measure of closeness, A§1‘2)(t), is the average of

H2(t; p*, 7%) over all 100 simulations for each f.

Figure 7a and b show H,(T:éi)(p*,f) for initial data (Eq. 9) with fi(x) = f,(x) and f,(x) =
f5(x), respectively. In Fig. 7a H,(;,‘f) ~0.0091 at 7" ~ -10.44 and in Fig. 7b H,(;,‘f) ~
0.2068 at 7" ~ —10.06. Figure 8 provides the contours of the perturbed solution for
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fi(x) = f4(x) along with (a) U(1’2)(x, t;0",79) where the first mode has been matched
using p" and 7 is kept at it’s original value 7, and (b) U (x, t: p*,7), the nearest

two-mode SPB found by minimizing Hr(.;éi)(p*,T). Similarly, Fig. 9 shows the contours
2)

when f(x) = f5(x). Here, the nearest two-mode SPB found by minimizing ’Hr(‘;r;lx (0", 1),
produces a match only in time. The perturbation introduces spatial asymmetry that
cannot be ameliorated by the matching procedure. Figure 10 provides the evolution
of Af.1’2)(t). There is larger growth in A§1‘2)(t) than in AE”(t) for the one-mode SPB
over a plane wave with UM since the spatial asymmetry has the opportunity to further
develop with the second mode appearing at t ~ 20.

There is a larger variance in ’ng’f); this can be seen in Table 1 where we provide the

- . . 1,2 . .
minimum, mean, median and maximum of ’Hfm’n) over the entire ensemble of experi-

ments for each f,. We find Hg;f) is at most (9(10'1) (obtained with the random phase
f;), with all other f; yielding smaller asymmetries and f;, the random high frequency
perturbation, yielding the smallest. One may ask whether the observed spatial asym-
metry can be captured explicitly by finding the solutions of Eq. (5) since, for random
variations in the data, the squared eigenfunctions will no longer be centered about the
origin. Since Af.1’2)(t) grows to at most ©(107"), U.(x, t) stays near to U x, t 0%, 1)
for a substantial period of time, i.e. the two-mode SPB over a plane wave with two UMs
is neutrally stable.

Figure 11 shows the special case of a perturbed coalesced two-mode SPB over
a plane wave with two UMs (recall Fig. 2b). The ensemble closeness measurement

A?’z)(t) is significantly smaller than in the generic two-mode SPB case (compare
Figs. 11b and 10) and is on the order of AE”(t). In this case U,(x,t) stays nearer

to U“’Z)(x, t;p*,7") since the coalesced modes appear together earlier in time and as
such U.(x,t) is not as susceptible to growth in spatial asymmetries. Surprisingly, the
coalesced two-mode SPB appears to also be more robust under certain types of per-
turbations of the NLS equation (Calini and Schober, 2002). These two observations
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15

20

indicate that the coalesced case may be the most robust two-mode SPB in a labora-
tory setting.

4 Squared eigenfunctions and linear stability

To support the results of the numerical investigation this section provides an outline of
our linear stability analysis of the one- and two-mode SPB solutions (see Calini and
Schober, 2013). The key step in the analysis is to note that for a solution u(x, t) of the
NLS equation, e.g. one of the SPBs, its corresponding “squared eigenfunctions” satisfy
the linearized equation about u(x,t), i.e. Eq. (5) with u,(x,t) replaced by a general
u(x,t). In particular, for a one-mode SPB, if ¢ and y satisfy the Z-S system (Eq. 2) for
UV (x, 1), then f(x,t) = Py + P, and g(x, ) = i(4 Wy — P,1) solve Eq. (5). Thus,
determining stability becomes simply a question of examining the behavior in time of
f(x,t) and g(x,t).

The Béacklund-gauge transformation (Sattinger and Zurkowski, 1987) allows one to
transform both the base solution u(x, t) and its eigenfunctions, while maintaining spatial
periodicity, as follows: Let ¢ :=a,¢" +a_¢~, a, € C, where ¢*, ¢~ independently
solve the Z-S system at (u, 4;), where 1; is one of the complex /lf. The gauge matrix is
given by

_/1,|¢1 -lgol* _._2019,
1. = /|¢1_|2+|¢2|2 1P +|pof?
G(/]-s/lj!¢) _/1 2¢1¢2 A+A.|¢1|2_|¢2|2
TP+ TP +|of?
Then
¢V (x,1,4;1)) = G(1; A, d)p(x, 1, 1) (16)
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15

solves the Z-S system (Eq. 2) at (UU)(X, t),1), where

: o 91,
U(./) 1t= 20 - A)) ——MM—
b = 2 = ) e oo

is the new NLS solution. Notationally, the number of superscripts implies the number of
times the transformatin has been applied, while the value of the superscript j indicates
which 4; is used in the transformation.

(17)

When the base solution is an unstable plane wave, for each complex /1‘.", the new so-
lution U(j)(x, t) is the one-mode SPB over the plane wave corresponding to the jth UM.
Iterating the Bécklund-gauge transformation provides a two-mode SPB, for example,

U(1’2)(x, t) and it’s corresponding eigenfunctions. Since we are interested in the stabil-
ity of the SPBs so we focus only on the form of the transformed eigenfunctions. The

independent eigenfunctions corresponding to the plane wave are, for k(1) = VA2 + a2,

S0 i’”“( Va ke >

"2k \ 2 /ak()F e !
« @H(k(X+21K(A)t)

If the plane wave has only one UM corresponding to complex /1‘1’, the elements of
G(4;4;, @) are bounded in time since

|®, |2 - |<152|2 _ cos psin(2kx + B)
|p42 + |@po2  cosh(p - ot) + sinpcos(2kx + B)’
2¢1¢_)2 =aeia2t
|12 + 2
x [cos psinh(p — ot) +isinpcosh(p - ot)
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+ i cos(2kx + )]
x [cosh(p — ot) + sinpcos(2kx + B)] ", (18)

where 4 = 2k(A4) = 2m/L . From these expressions we see the only possible source of
exponential growth from f(x, t) and g(x, t) are those formed using the following eigen-
functions

XE(x, t:24) = G(A; 44, @)™ (X, 1 A) |1y -

It is sufficient to examine the behavior of y* since y* are linearly dependent at A = Aq.
We find x*(x,t;1,) does not grow exponentially as

®»
2 2
rx i)~ |¢1|_2)|1¢2|
|12 +|p2f?
with
? ~ ei(’-[“g”f%’)e—(ot-p)/z
|12 + |@o

+i e—i(%x+§+§> e(at—p)/z]

-1
x [cosh(p—at)+sinpcos (zTnx+,B)] ,

Likewise, the first component is also bounded in time. Thus the solutions to the lin-
earized equation, f(x,t) and g(x, t), are bounded in time. As a result we find the Back-
lund transformation at 1, saturates the corresponding UM of the plane wave and the
one-mode SPB is neutrally stable when the underlying plane wave has only one UM.
Similarly, if the plane wave has only two unstable modes then iterating the Béacklund
transformations at the associated spectral elements 1, and A, will saturate the linear
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instabilities of the corresponding UMS of the plane wave. Thus the two-mode SPBs
over a plane wave with two UMS, U“’z)(x, t; 0,7), are neutrally stable.

However, a one-mode SPB over the plane wave with 2 unstable modes can be shown
to be linearly unstable. In this case, if U(”(x, t; p) is produced by applying transforma-
tion (Eq. 17) at A, then the two corresponding eigenfuctions y*(x,t;1) are linearly in-
dependent at 1 = 1, and exhibit exponential growth in time, i.e., the first component is
of the form

Xy (x,t;4;) ~ exp (:I:%t> B, (x,1),

where B, (x,t) are bounded and o is real, o = —4il,k(4,). In this case f(x, t) and g(x, t)

grow exponentially fast and U“)(x, t; p) is linearly unstable. These results indicate that
only those SPBs for which all the instabilities of the underlying plane wave are saturated
are neutrally stable.
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Table 1. The minimum, mean, median and maximum of ’H,(T:r‘f) obtained in the ensemble of 100

experiments for each f.

NHESSD
1, 50875115, 2013

Numerical study of
stability of breathers

f;  Minimum Mean Median Maximum

f, 17616x107’ 6.5183x10™° 2.9831x107° 2.1138x 107"
f, 6.2504x107" 2.2224x107° 1.2596x 10> 1.1811x 10"
f, 1.3286x107° 3.5547x 107> 3.1829x107° 2.6490 x 10~
f, 21195x107" 1.2651x107° 1.2519x107° 7.4857 x 1072
f, 2.8895x1077 6.1313x107* 7.2525x107° 2.9186x 1072
fi 2.9967x 107" 4.2785x107* 2.8146x107° 2.8567 x 1072
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Fig. 11. (a) Contours of |U,(x, t)| in the coalesced case for f;(x) (dashed line) and of the two-  ©
* * . . . * * . 2 . . .
mode SPB |U(1’2)(x, t;0°,7°)| (solid line) given by (a) |U(1’2)(x, t;0°,77)|, and (b) evolution of Af. )(t) Y Interactive Discussion
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