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Abstract. The assessment of volcanic hazard is the first stegl  Introduction

for disaster mitigation. The distribution of repose periods

between eruptions provides important information about theHazardous processes associated with volcanic eruptions may
probability of new eruptions occurring within given time in- represent a serious threat to the lives, the property, and the
tervals. The quality of the probability estimate, i.e., of the economy of people dwelling near volcanoes. This threat may
hazard assessment, depends on the capacity of the chosbe quantified in terms of the volcano risk, which is the prod-
statistical model to describe the actual distribution of theuct of the hazard, the probability of occurrence of a poten-
repose times. In this work, we use a mixture of exponen-tially destructive eruption, and the vulnerability, the proba-
tials distribution, namely the sum of exponential distribu- bility of damage to the exposed population and property as-
tions characterized by the different eruption occurrence ratesociated with such an eruption. The knowledge of the haz-
that may be recognized inspecting the cumulative number ofird may help to reduce the vulnerability through the prepara-
eruptions with time in specific VEI (Volcanic Explosivity In- tion, the series of measures specifically designed for the most
dex) categories. The most striking property of an exponen{robable eruption scenarios (De la Cruz-Reyna and Tilling,
tial mixture density is that the shape of the density function is2008). Assessing the hazard is thus an essential step of risk
flexible in a way similar to the frequently used Weibull distri- reduction that requires a broad understanding of the eruption
bution, matching long-tailed distributions and allowing clus- occurrence patterns.

tering and time dependence of the eruption sequence, with Most volcanoes have complex and irregular patterns of ac-
distribution parameters that can be readily obtained from theivity. This complexity is derived from the extent of the inter-
observed occurrence rates. Thus, the mixture of exponentialaction between concurrent geophysical, geological and geo-
turns out to be more precise and much easier to apply than thenemical processes involved in the buildup of the mass and
Weibull distribution. We recommended the use of a mixture energy to be erupted, introducing a random behavior in the
of exponentials distribution when regimes with well-defined volcanic eruption time series.

eruption rates can be identified in the cumulative series of Studies of volcanic eruption time series have been car-
events. As an example, we apply the mixture of exponenried out by many authors using several statistical tech-
tial distributions to the repose-time sequences between exniques on specific volcanoes. Some of the earliest, (Wick-
plosive eruptions of the Colima and Popdgatl volcanoes, man, 1965, 1976; Reyment, 1969; Klein, 1982) employed
México, and compare the results obtained with the Weibullstochastic principles to analyze eruption patterns. Further
and other distributions. studies included transition probabilities of Markov chains
(Carta et al., 1981; Aspinall et al., 2006; Bebbington, 2007),
Bayesian analysis of volcanic activity (Ho, 1990; Solow,
2001; Newhall and Hoblitt, 2002; Ho et al., 2006; Marzocchi

Correspondence to: et al., 2008), homogeneous and non-homogeneous Poisson
A. T. Mendoza-Rosas process applied to volcanic series (De la Cruz-Reyna, 1991;
BY (ateresa@geofisica.unam.mx) Ho, 1991), a Weibull renewal model (Bebbington and Lai,
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19964, b), geostatistical hazard-estimation methods (Jaquetruptive time series for Colima and Popdgatl volcanoes,

et al., 2000; Jaquet and Carniel, 2006), a mixture of Weibulltwo of the most active polygenetic volcanoes in Mexico.
distributions (Turner et al., 2008) and non-homogeneous The hazard estimates are discussed and compared with the
statistics to link geological and historical eruption time seriesresults obtained from the Weibull distribution and from other
(Mendoza-Rosas and De la Cruz-Reyna, 2008). An exhausmethods.

tive list of the available literature on this subject is beyond the

scope of this paper, and the above references only attempt & Mixtures of distributions

|Irllustra}te the d|ver.3|ty of methods that have been applied Ovixtures of distributions occur frequently in the theory and
the volcanic eruption sequences. applications of probability and statistics. Generally, an arbi-

Different parameters have_ been L.JSEd as random Va”aple(?ary distribution can be defined as a weighted sum of com-
to characterize the eruptive time series, among them, the t'mﬁonents distribution

of onset of eruptions, the interval between eruptions, the vol- m
ume or mass released, and the intensity of eruptions (masg(s |A) = Z wj f(t \Aj) Q)
ejection rate). The probabilities of occurrence of future erup- j=1

tions, i.e. the volcanic hazard, may be estimated analyzingNheret is the time between eruptions (or failure of any

the sequence of past eruptions at a volcano, characterizin‘gOmponent in the context of quality control), and the pa-
the eruptions by a measure of their size that reflects thei‘}ametersA—(wl Wi, M. .. Am) are such thaty; >0 for
= s Wiy e Am i

destructive potential, and assuming that the impact and ef- m _ o
fects of an eruption are proportional to both, the total mass(/=1.-...m), and}_ w; = 1. w; is a weighting factor, and

or energy release (magnitude) and the rate of mass or energy. a4 component dle:r%sity function parameterized.byGen-
release (intensity). The Volcanic Explosivity Index VEI is érally, a mixture distribution can be composedotompo-
the semi-quantitative ranking of the eruption “size” based onpont distributionsf;, each of a different type. Significant
those parameters (Newhall and Self, 1982). _ simplification can be achieved if afi; are of the same type,
The random variable considered in this study is the re-ang only the parameters differ. Further simplification is at-
pose period, i.e., the length of the time intervals between suCgjined if the chosen distributions depend on a single param-
cessive eruption onsets according to specific VEI categorieSater, since there is no restriction on the form of the distribu-
The volcanic eruption sequences of polygenetic volcanoesions ¢, a mixture of exponentials distribution was chosen
are thus considered here as point processes developing alogg jts simplicity, and because, considering that sequences of
the time axis, and the distribution of the repose times be-gyposive eruptions follow Poissonian patterns (De la Cruz-
tween them is analyzed for each magnitude category. FOReyna 1991, 1996), it is the distribution that describes the
our purpose, we shall consider here only significant exploswerepose times of a Poisson process. On the other hand, Feld-
eruptions (i.e., larger VEI's), which usually are short dura- mann and whitt (1998) showed that any monotone probabil-
tion events when compared with the time between eruptlons-rty distribution function can be approximated by a finite mix-

In this sort of point processes, volcanic activity regimes char,re of exponentials. They also showed that a MOED is espe-
acterized by well-defined eruption rates may be readily iden-

- i ) Gy W="cially useful in modeling long-tailed data without some of the
tified. We thus propose a mixture of exponentials distribution 4thematical complications of other distributions such as the

(MOED) to study the distribution of repose times between pyatg (Johnson and Kotz, 1953) and Weibull probability dis-
successive eruptions for estimating the volcanic hazard of fusyutions. Therefore. we choose a mixturesoBxponential

ture explosive eruptions using VEI - characterized sequencegjsriputions, also called a hyperexponential distribution, to
of records. describe the repose time distribution of explosive eruptions in

The MOED is a sum of exponential distributions that may pgissonian volcanoes with non-stationary behavior. The hy-
be quickly evaluated and interpreted. This method is particerexponential cumulative distribution function has the form:
ularly useful when the eruptive time series is non-stationary "

i.e. the distribution of the number of eruptions varies upon g |A) = Z wi(l—e M (2)
translation in a fixed interval (Cox and Lewis, 1966) and de- =1
velops as a succession of eruptive regimes, each having a

characteristic eruption rate. In such case, a single exponentiéﬂ’Ith a survival distribution of probability given by:

distribution may not fit the observed distribution of repose S([A) =1— F(t|A) 3)
times. Although a Weibull distribution (Johnson and Kotz, 1¢ probability density function is:

1953; Ho, 1995; Bebbington and Lai, 1996b) may indeed fit m

such a distribution, the MOED permits an equally good fit- 7(; |A) = Z wikje Mt (4)
ting using a priori calculated distribution parameters, directly =1

obtained from the identified occurrence rates of the regimes, m
whereas the Weibull distribution requires more complex cal-wherex ;, w;>0 for (j=1,...,m), and)_ w;=1.
culations. In the present paper, we apply a MOED to the i=1
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Table 1. Observed eruptive regimes and calculated parameters of the MOED exponential distributions for Colima volca:®).(VEI

Regime Time period Number of Duration of regime  Annual vate Weighting factorw

eruptions (years)
1 1560-1622 6 63 0.095238 0.286563
2 1623-1868 3 246 0.012195 0.150705
3 1869-1913 8 45 0.177778 0.299926
4 1914-2008 1 95 0.010526 0.262806

The parameters;’s are the rates of the single exponen- eruption rate regimes alternate about a mean rate in such a
tial distributions; namely the number of occurring events perway that the clustering of high regimes may not be attributed
duration of each regimg¢. The weighting factorsv;”s are  to chance, according to running mean tests (Klein, 1982;
calculated as the normalized complement of the correspondbe la Cruz-Reyna, 1996; Mendoza-Rosas and De la Cruz-
ing proportions of the duration of regimes, considering thatReyna, 2008).
regimes of shorter duration regimes tend to have higher erup- Figure 1 shows the four regimes that can be recognized
tion rates. from the historical activity of Colima volcano, based on re-

This model is used here to estimate the likelihood of atports from 1560 to the present for events with eruptive mag-
least one eruption in a given VEI category at a specified timenitudes greater than VEI 2. The rates of the eruption regimes
in the future, i.e., the volcanic hazard. Supposing that theare listed in Table 1. The time sequence of Colima is then
most recent event occurredyears ago, and assuming a du- fitted to a MOED, using the sum of four exponential distribu-
rationr in years, the probability of no event in the next tions, each one having the corresponding observed eruption
years isP (T >s+t|T>s). We then obtain the probability of ratex ;. We use Eq.%) with m=4. The weighting factors are

at least one eruption occurring within the neytears as calculated as the normalized complement of the duration in
years of each regime,
P(T <s+1|T >g) =1— £+ (5)
<s >s5)=1-——— _Dn.
1— F(s) w,.:—D’ Di (6)

m
> (Dy — D)
i=1

3 Applications
where D, is the duration of the sampled interval (449 years

To illustrate the method, we apply a MOED to Colima and for Colima, and 497 years for Popoépttl), andD; is the
Popocatpetl volcanoes, intending to obtain a simply calcu- duration of the identified regime. Tables 1 and 3 summarize
lated estimation of the volcanic hazard. Both these volcanoethe MOED parameters for both volcanoes.
represent a significant threat to large populations dwelling To compare the results obtained for Colima volcano using
around them. Colima volcano (1954, 103.62 W) is the  the MOED with the results from a Weibull distribution, we
active volcano in Mxico with the highest eruption rate, and a calculated the shape and scale parameters of the Weibull dis-
historical record of 41 eruptive events of varied magnitudestribution by the graphical method described by Bebbington
in the past 500 years (De la Cruz-Reyna, 1993; Mendozaand Lai (1996b). The resulting parameters were 0.7767 and
Rosas and De la Cruz-Reyna, 2008). Popapetl volcano  19.2699, respectively. The comparison between the MOED
(19.02 N, 98.62 W) is located within a densely populated and the Weibull distribution is shown in Fig. 2. Both the
region, about 70 km southeast of downtown Mexico City andMOED and the Weibull distributions show good fits with the
40 km west of the city of Puebla, which with other nearby repose time data.
cities add up to over 20 million people vulnerable to direct To obtain an objective measure of the quality of the fits, we
hazards associated with a major explosive eruption (De lgerformed a Kolmgorov-Smirnov (K-S) test as described in
Cruz-Reyna and Tilling, 2008). To calculate the eruption texts on nonparametric statistics (e.g., Gibbons, 1976), cal-
rates and the weighting factors, we use here the compilatiorrulating the maximum absolute differences between both cu-
of historical eruptive time series obtained by Mendoza-Rosasnulative distributions, and the observed cumulative frequen-
and De la Cruz-Reyna (2008) for those volcanoes. cies, obtaining 0.13182 and 0.15861, respectively and thus

Colima and Popocépetl volcanoes show a weak non- indicating a better fit of the MOED. These difference val-
stationary component in the behavior of their eruption timeues are smaller than the critical K-S differences for the 0.01
sequences (De la Cruz-Reyna 1993; Mendoza-Rosas and Devel of significance. The MOED and Weibull probabilities
la Cruz-Reyna, 2008). This component appears as a succesf occurrence of at least one significant eruption at Colima
sion of regimes, each one having a characteristic eruptiorvolcano in the next years, calculated from Eq. (5), are listed
rate, as can be recognized in Figs. 1 and 3. High and lowin Table 2.

www.nat-hazards-earth-syst-sci.net/9/425/2009/ Nat. Hazards Earth Syst. Sci., 2342909



428 A. T. Mendoza-Rosas and S. De la Cruz-Reyna: A simple and precise assessment of the volcanic hazard

20

18 —

16 —

14 —

12 —

A,=0.011

CUMULATIVE NUMBER OF ERUPTIONS
S
|

0 - —r—r - r-T1r 1T "™ T " T"7 [

1600 1650 1700 1750 1800 1850 1900 1950 2000
YEAR

Fig. 1. Cumulative number of eruptions reported in the period 1560-present in the magnitude classfdEColima volcano and the four
regimes that can be recognized (separated by solid vertical lines). The slopes of the dashed lines represent the eiupfieadtategime
and the thick line slope represents the eruption rate of whole s¢gjgs{=0.040089).
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Table 2. Eruption hazards of Colima volcano expressed as prob-
abilities of occurrence of at least one eruption with ¥Rl over
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We applied the same procedure to the historical time series 0 10 20 30 40 50 60 70 80 90

records of Popocéapetl volcano for eruptions with VEI2. TYEAR)

Figure 3 shows a cumulative distribution of repose perIOdS’Fig. 2. Distribution of observed repose intervals with duration

in which two regimes may be recognized. Table 3 lists thegreater tharr years (steps) for eruptions at Colima volcano with

2-term MOED parameters for these regimes. The shapgg|..2 in the period 1560 to the present. The dashed line is the
and scale parameters of the corresponding Weibull distribusyrvival Weibull distribution and the solid line is the MOED.

tion were calculated with the same method used with Col-

ima volcano as 0.6207 and 16.3137, respectively.  Fig-

ure 4 shows the fits of the survival distributions obtained In this case we selected the regimes inspecting the cumu-
from the MOED and the Weibull distributions with the ob- lative plot of the number of eruptions, and fixed the vertical
served data of the eruptive time series of Popepeti vol- lines at the points showing a clear slope change. In other
cano. The Kolmogorov-Smirnov test at the significance levelcases the change of slope may be smooth, and selecting the
0.01 yields 0.15355 and 0.16687 for the MOED and thepoint of regime change in the cumulative curves could be
Weibull distribution, respectively, indicating again a better more difficult. To test how sensitive is the quality of the
fit of the MOED. The MOED and Weibull probabilities of MOED fit to the choice of the change of regime points, we
occurrence of at least one eruption in different time periodstried neighbor points around the intuitively sharp and clear
to Popocéapetl volcano are shown in Table 4. slope changes of Colima and Popdqamtl cumulative curves
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Table 3. Observed eruptive regimes and calculated parameters of the MOED exponential distributions forépeplogzitano (VE:2).

Regime Time period Number of Duration of regime  Annual vate Weighting factorw
eruptions (years)
1 1512-1665 10 154 0.064935 0.690141
2 1666—2008 7 343 0.020408 0.309859
Table 4. Eruption hazards of Popoégtetl volcano expressed as 100 E
probabilities of occurrence of at least one eruption with ¥Zbver ]
different time periods. N )
w10
= 3
F ]
Popocatpetl Volcano (VEE2) w 1
2 ]
o
f years Mixture of Weibull distribution s 1“ ~_
exponentials distribution EL ] S=
20 0.578118 0.539616 é 01+ =
50 0.838877 0.7945279 2 3
100 0.949677 0.9273610 ]
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Fig. 4. Distribution of observed repose intervals with duration
greater than years (steps) for eruptions at Pop@gatl volcano
with VEI >2 in the period 1512 to the present. The dashed line is
the survival Weibull distribution and the solid line is the MOED.

of significantly different regimes composing the eruptive se-
guence, the MOED may be written as a sum of that many
exponential distributions with unknown parameters. The
MOED n-th moment about zero may be expressed as a func-

CUMULATIVE NUMBER OF ERUPTIONS

tion of the distribution parameters=(w1,...wy, A1,...An)
(see Eqg. 1) as
1550 1600 1650 1700 1750 1800 1850 1900 1950 2000 m
n! wj/ n 7
> i )

Fig. 3. Cumulative number of eruptions reported in the period 1512- =1

present in the magnitude class \#2 for Popocéépetl volcano,and  The 2n—1 unknown parameters may then be estimated

the two regimes that can be recognized (separated by the verticadquating the distribution momentg)(to the k-data sample
lines). The dashed lines represent the eruptionrafeeach regime,

and the thick line slope represents the eruption rate of whole senemomentsz /k' and from them the regime changes may

A 0.034205
(AglobaF )- be |dent|f|ed

and K-S tested the corresponding survival distributions. To4 Discussion and conclusions

cancel the advantage of the MOED over the Weibull distri-

bution, the chosen change point should be moved at leasthe simple MOED method discussed in this paper allows
2 and 8 positions away from the graphically evident slope-a simple assessment of the volcanic hazard from a straight-
change point for Popodapetl and Colima volcanoes, respec- forward analysis of the eruption time series. Apart from its
tively, indicating a good stability of the method. To deal with simplicity, the flexibility of its shape allows good fits, even
the case of smoothly changing regimes we suggest a simfor long-tail distributions, and for non-stationary processes.
ple procedure to decompose the MOED using the method Perhaps the most important feature of the MOED is
of moments (Rider, 1961; Everitt and Hand, 1981; Sum andthat, unlike the Weibull distribution, the MOED parameters
Oommen, 1995). Assuming that one can tell the number contain direct information of the physical process involved
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mial and Exponential distributions render the same results,
as expected from a stationary eruption sequence having the
mean eruption rate of the whole series, concealing in this
way the effects of the non-stationary behavior. In contrast,

@ 06 the MOED and the Weibull distributions properly describe
2 s e —— the increased probability of an eruption occurring in shorter
§ oo ;} 50 oo periods (up to about 20 years), derived from the contribu-
G 6 5 Comomn tion of the high regimes. However, at longer repose periods,
27 the Weibull probabilities approach the stationary exponential
02 results, “saturating” at periods of about 120 years, and re-
o vealing some inability of those distributions to deal with the

0 ‘ : : : . T | | . long-tailed part of the observed distribution. On the other

° % % 75 00 A28 150 175 200 225 250 hand, the MOED allows estimation of the probabilities of

eruptions occurring after long repose periods, accounting for
Fig. 5. Probabilities of occurrence of at least one eruption in athe low regimes.
period: (years) calculated with a MOED (solid line), a Weibull,  One important point that must be emphasized is that this
(dashed line) an exponential (triangles), a Binomial (diamonds), andnethod should be performed on a portion of the time se-
a'lPoisso.n (circles) cumulative d?stributiqn functions for the eruptive rjes that satisfies a criterion of completeness, i.e. a portion in
time series of Colima volcano with VEI2 in the period 1560 to the which no significant eruption data are missing, which in most
present. cases is the historical eruption data. A single missing event
may importantly distort the observed distribution of repose
times. We therefore use only the VEI categories that made
in the eruption time series, namely the eruption rates characpossible to consider the eruptive series as complete over a
terizing the successive regimes of a non-stationary procesqeriod with reliable reporting, i.e., the last five centuries. A
and their durations. In the stationary case, defined by a sinehief issue derived from this is that the relatively short histor-
gle eruption rate invariant under translations along the timeical series may not include low-rate major eruptions, that the
axis, both the MOED and the Weibull distribution reduce to geologic records indicate the volcano is capable to produce.
the simple exponential distribution. This tends to confirm theHow the estimates of volcanic hazard may be adjusted for
Poissionian character of the eruption sequences, which is nauch cases is a problem that has been addressed elsewhere
lost when the eruption series shows a succession of eruptivetMendoza-Rosas and De la Cruz-Reyna, 2008). The MOED
episodes. An underlying assumption involved in this argu-method is thus recommended to estimate the volcanic hazard
ment is that the eruption sequence may be perceived as af volcanoes showing high rates of eruptive activity and sig-
time-dependent process with a known interval distribution, nificant evidence of a distribution of high and low eruptive
namely the succession of high and low regimes alternatingegimes.
in such a way to maintain a steady long-term mean. This
requires that the high-regimes are in the average systemaficknowledgementsive thank R. I. Tilling and an anonymous
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