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Abstract. Eruption of volcanoes represents one of important
origins of tsunami waves and is responsible for most catas-
trophic tsunami (Krakatau, 1883; Thira, BC). The products
of volcano eruption include solids, liquids (lava) and gases.
The present article presents hydrodynamic model of rela-
tively slow process of eruption, with domination of liquids.
The process of underwater eruption of lava causes the distur-
bance of ocean free surface. The standard formulation of hy-
drodynamic problem for incompressible fluid in cylindrically
symmetric layer of with rigid bottom and free surface with
local hydrodynamic source (volcano) is used. This problem
is solved by constructing Green function using methodology
of Sretenskij. The solution is obtained in the form of an in-
tegral and depends on the dynamics of eruption. Real data
show that some volcanoes can erupt several millions of tons
of lava during several dozens of seconds (Bezimjannij, Kam-
chatka). The long waves are more efficiently generated by
largerT : these tsunamis can have smaller initial perturba-
tions of free surface, but the waves are long and can transmit
their energy over longer distances.

1 Introduction

About 6 to 15 % of al tsunami emerge from non-seismic ori-
gins (Pelinovskij, 1982). The greater share of them come
from the eruption of volcanoes. Among about 100 events of
volcanic origin, 29 % are caused by subaquatic volcanic ex-
plosions (Belousov et al., 2000). These eruptions can create
catastrophic tsunami waves. For example, after the eruption
of Krakatau volcano in 1883 the wave height upon reaching
the sea shore was 45 meters. The subaquatic volcanic ex-
plosion in Karymskoe lake (Kamchatka, 1996) presented an
interesting tsunami case (Belousov et al., 2000).
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It is well known that the products of volcano eruption in-
clude solids, liquids (lava) and gases (Taziev, 1963). The
composition of these components differ with cases and with
evolution, as well as the speed of eruption (Woods et al.,
1995). Substantial research is done about tsunamis generated
by landslides of volcanoes and islands (Bardet et al., 2003;
Tinti et al., 2001). In fact, many volcanoes are partly above
the sea level, and the movement of solids can play substan-
tial role here. However, there are also hidden volcanoes on
the sea bottom (including Mediterranean sea, that has been
considered as the area of low tsunami danger), and for them
hydrodynamic processes in tsunami generation should dom-
inate. In the present article the focus is on hydrodynamic
model of generation of tsunami waves, which is related to
the slow process of eruption.

The case of fast eruption has some similarity the underwa-
ter explosion, that was studied in more substantially in dif-
ferent applications (Ivanov and Koroljov, 1986; Pelinovskij,
1982; Le Mehaute, 1971). However, as it was shown inPeli-
novskij (1982), acoustic (or fast eruption) model generates
rather weak field at the substantial distances from the source.
This differs from natural observations of tsunami: they prac-
tically always have substantial field at large distances, due
to involvement of long gravity waves into the propagation
process. If we turn to the data of the eruption dynamics
provided by volcanologists, it is possible to find out that
many temporal patterns of eruptions (and their spectra) dif-
fer from those typical for explosions; they are characterized
by having mostly components with lower frequencies (Bre-
chovskih, 1974).

In the present model it is assumed that eruption takes place
for underwater volcano with the dominance of liquid compo-
nents. Since the process is assumed to be relatively slow (that
is, it has characteristic time above several seconds) it is pos-
sible to neglect the compressibility of water and to consider
purely hydrodynamic model. The formal exposition of the
model followsEgorov(1990).
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2 Model formulation

2.1 The core equations

Consider the following hydrodynamic model written for the
velocity potential of small elements of waterφ:

1φ = −4πq(t)δ(X − X0). (1)

Here1 denotes the operator of Laplace, while the right side
of Eq. (1) has nonstationary hydrodynamic source located at
the pointX = X0. While the water area of the validity of
this equation has complex shape (that contains free surface
and uneven bottom), it is possible to concentrate on the prob-
lem with cylindrical symmetry, where the ocean depth does
not depend on any of horizontal coordinates. Mathematical
simplicity is not the unique reason for such choice. As it was
shown inPelinovskij (1982), the method of wave ray tubes
can be also used for tsunami waves. Within the ray the varia-
tion of bottom depth in the direction orthogonal to ray is typ-
ically small, and the main evolutionary effect comes from ray
divergence, which is similar to one taking place in the model
with cylindrical symmetry. The bottom is described by the
surfacez=0, while the unperturbed free surface is given by
z=D. The coordinater characterizes the horizontal distance
from the crater centre, and due to assumed radial symmetry
the angular variable does not enter equations, and thus can
be omitted.

In hydrodynamics, the boundary conditions at the free sur-
face are typically nonlinear (Sretenskij, 1977). This nonlin-
earity is very important for the tsunami waves, if they have
substantial wave amplitudes. If the eruption is substantial,
i.e. the ratio of wave height to the ocean depth near crater is
not small, the use of nonlinear boundary condition becomes
important. At the same time, mathematical simplifications
are required for the construction of analytically tractable base
model. That is why further derivations will be based on linear
condition on the free surface (seeSretenskij, 1977):

∂2φ

∂t2
+ g

∂φ

∂z
= 0 (z = D). (2)

In the approximation of the rigid bottom (typical for hydro-
dynamics), there is Neumann boundary condition there:

∂φ

∂z
= 0 (z = 0). (3)

Since all typical scales of length in tsunami models are sub-
stantially larger than the crater size, it is possible to approx-
imate the one with a point source, located at (z=ε, r=0). In
this case we have the source at the distanceε from the bottom
level. While the real bottom topography near crater is more
complex, this mathematical model can still be used. Being a
rough approximation for the investigated physical processes,
it still captures those assumptions that are most important for
relevant description of tsunami generation. The model pre-
sented below does not pretend to fully describe the complex

processes. Its main goal is to detect those parameters that in-
fluence tsunami wave generation and to estimate tsunami in-
tensity as the function of these parameters. It will be shown
that the characteristic parameters that are linked with the dy-
namics of eruption play an important role for the parameters
of tsunami wave at large distances from the volcano.

2.2 The physical interpretation of hydrodynamic source

In the symmetric 3-dimensional space, the source with debit
q(t) generates the fieldφ0q(t)/R in some neighbourhood of
the source point. In hydrodynamic models, liquid is assumed
to be incompressible, and thus acoustic waves with finite
speed of propagation cannot be described properly. But since
this acoustic speed is high for water, being about 1500 m/s,
for relatively slow eruption processes, lasting above several
seconds, an assumption of an infinite acoustic speed does
not give substantial error up to the distances of about 1 km.
However, at these distances the assumption of 3-dimensional
symmetry (point neighbourhood inR3) is no longer valid,
since the wave touches either bottom or free surface.

Due to Gauss theorem, which says that the surface inte-
gral from the scalar product of the potential gradient and the
normal vector to surface element equals to the source inside
multiplied by 4π , we can say that the volume of liquidw
passing through the sphere surrounding the source (crater)
equals to

w = 1t

∫
S

vndS = 1t4πq(t). (4)

The final formulation of hydrodynamic problem requires
addition of initial conditions. Assuming water to be at rest
before the beginning of eruption, we can set all deviations
and velocities equal to zero. This requires setting:

φ(r, z, t = 0) = 0; ∂φ(r, z, t = 0)/∂t = 0. (5)

3 Solution to the problem about hydrodynamic field of
non-stationary source

Consider the following initial-boundary problem (here1 is
2-dimensional Laplace operator in polar coordinates):

1φ +
∂2φ

∂z2
= −4πq(t)δ(r)δ(z− z0), (6)

∂2φ

∂t2
+ g

∂φ

∂z
= 0 (z = D), (7)

∂φ

∂z
= 0 (z = 0), (8)

φ(r, z, t = 0) = 0, (9)

∂φ(r, z, t = 0)/∂t = 0. (10)

It is assumed that the function 4q(t) is finite and differs from
zero only inside the interval[0, T ]. This can be interpreted as
the finiteness of the duration of eruption. We use cylindrical
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coordinates(r, z) and radial symmetry around the point of
eruption (z – vertical coordinate,r – radial coordinate),t is
time,φ – hydrodynamic potential (its gradient gives velocity
of particles,z=D is non-perturbed free surface of the ocean,
while z=0 describes the shape of the bottom.

Hydrodynamic source, described by the product of Dirak
functionsδ, represents the model of local source (eruption).
For slow eruptions the wavelength of tsunami wave is much
larger than the scale of crater, and the assumption of local-
ized source is asymptotically valid. It is important to men-
tion a couple of other assumptions for this model. First of all,
any volcano has a conic form and creates local heterogene-
ity in ocean relief, which is not accounted for here. Another
assumption is about radial symmetry of the ocean bottom.
In reality, bottoms have two-dimensional heterogeneity, but
it is not so important for our results. As it was shown in
Pelinovskij(1982), energy of tsunami waves is propagating
along the ray tubes, and inside each (narrow) tube the depth
variation along the coordinate orthogonal to the ray can be
neglected (we use the mean in local cross-section).

3.1 Details of mathematical solution to the model

Now the model is fully formalized, and it can be solved us-
ing the method of Green function (seeSretenskij, 1977). The
solution to such problem is sought in the form of source, its
reflected image from the bottom and some additional poten-
tial ψ :

φ(r, z, t) =
q(t)

[r2 + (z− z0)2]1/2
+

q(t)

[r2 + (z+ z0)2]1/2
+ ψ(r, z, t). (11)

Substituting this decomposition (11) into the initial problem
(6–10), we get the problem for additional potentialψ :

∂

r∂r
[r
∂ψ

∂r
] +

∂2ψ

∂z2
= 0, (12)

∂ψ

∂z
= 0 (z = 0), (13)

∂2ψ

∂t2
+ g

∂ψ

∂z
= −(

∂2φ1

∂t2
+ g

∂φ1

∂z
) (z = D), (14)

whereφ1 ≡ φ − ψ .

The requirement of limited solutions for all values of ar-
guments leads to the search of the solution in cylindrical co-
ordinates as the superposition of Bessel functions ofr and
hyperbolic functions ofz, that also satisfy border conditions:

ψ(r, z, t) =

∫
∞

0
C(λ, t)J0(λr)ch[λz]dλ, (15)

whereJ0 is the Bessel function of zero order andλ is an arbi-
trary parameter. Substitution of anzatz leads to the following

differential equation forC(λ, t):

d2C

dt2
+ gλth(λD)C = F(t, λ), (16)

F(t, λ) ≡ 2e−λD
ch(λε)

ch(λD)
[gλq(t)− q ′′(t)]. (17)

The solution to differential equation is the sum of its general
and particular solutions

C(λ, t) = A(λ) cos(ωt)+ B(λ) sin(ωt)+

1

ω

∫ t

0
F(τ, λ) sin[ω(t − τ)]dτ, (18)

whereω ≡
√
gλth(λD).

The initial conditions allow to define

A(λ) = −
2q(0)exp(−λz)ch(λε)

ch(λz)
, (19)

B(λ) = −
2q ′(0)exp(λz)ch(λε)

ωch(λz)
, (20)

and thus to find the unique solution to the problem.
The general solution that can satisfy different initial con-

dition then has the following form:

φ(r, z, t) =
q(t)

[r2 + (z− ε)2]1/2
+

q(t)

[r2 + (z+ ε)2]1/2
+∫

∞

0
J0(λr)ch(λz)[A(λ) cos(ωt)+ B(λ) sin(ωt)]dλ+

2
∫

∞

0

dλ

ω

∫ t

0
dτe−λD

ch[λε]

ch[λD]
[gλq(τ)−

d2q(τ)

dτ2
] ∗

sin[ω(t − τ)]ch[λz]J0(λr), ω ≡
√
gλth(λD).(21)

4 The process of tsunami generation

The details of eruption processes are complex (Woods et al.,
1995). Ideally, we should know the typical intensity as a
function of time. But in most cases only the duration of
eruptionT and the total mass of erupted substanceW are
measured. It is natural to model the dynamics of eruption
as a smooth process, when in the first period the intensity is
increasing, reaching maximum and then declining.1 Assume
that the eruption occur during time intervalT and that its
intensity varies in time as:

q(t) =
W

2πT
sin2 πt

T
, (0 ≤ t ≤ T ). (22)

1Working with non-smooth functions creates additional mathe-
matical problems, but gives no gain in our understanding of the pro-
cess, since they contribute to high-frequency spectrum which does
not affect generation of tsunami wave, which has low-frequency
spectrum.
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This class of functions is smooth, and satisfies the initial
conditions:

q(0) = 0, q ′(0) = 0. (23)

Then from the formulae (19, 20, 23) we get:

A(λ) ≡ 0, B(λ) ≡ 0. (24)

The initial shift of the water surface can be calculated from
the potentialφ using formula

h(r; T ) =
1

g

∂φ(r,0, t)

∂t
. (25)

After the end of eruption the disturbance of free surface can
be described by the integral expression2:

h(r, t) =
πW

gT 3
∗∫

∞

0
dλJ0(λr)ch[λε] exp(−λD)

sin[ωt] − sin[ω(t − T )]

ω(λ)
.

This formula gives the efficient tsunami-generating zone,
and further evolution of tsunami wave can be analysed as
autonomous process, independent from eruption.

4.1 Asymptotic analysis

Since the ocean depthD (average near volcano) is the char-
acteristic scale, while the characteristic speed isc=

√
gD, the

characteristic time scale ist0=
√
D/g. Now it is possible to

introduce scale-free variables

ρ = r/D, τ = t
√
g/D. (26)

Besides that, more scale-free parameters can be introduced:

κ = T
√
g/D, V = W/D3, γ = ε/D. (27)

The scale-free functionH=h/D describes the field of local
deviations of free surface:

H(ρ, τ) = 2πV κ−3
∫

∞

0
dµJ0(µρ)e

−µG(µ, τ, κ, γ ), (28)

G ≡
2 sin[ωκ/2] cos[ω(τ − κ/2)]

ω
ch[µγ ],

ω(µ) ≡

√
µth(µ)

Let us consider the shape of waveH at the end of hypotheti-
cal eruption, i.e. forτ=κ. Then,

H(ρ, τ) = 2πV κ−3
∫

∞

0
dµJ0(µρ)e

−µch(γµ)
sin(κω)

ω
.(29)

2If there are several eruptions, we focus on a particular subpe-
riod of peak intensity. Here the contribution of the termφ1 disap-
pears sinceq(t)=0, for t>T .

Expanding this integrand into Taylor series, we can find
asymptotics forκ→0:

H(ρ, τ) = πV κ−2
[

1

ρ2 + (1 − γ )2
+

1

ρ2 + (1 + γ )2
](1 +O(κ2)). (30)

This expression shows that initial perturbation of free surface
decays inversely proportional to the horizontal distance.

Since the hydrodynamic model neglects the finiteness of
sound propagation speed in wavec0, it is asymptotically
valid only in the limited areaR0≤c0T . Since for the whole
ocean we have the global estimate

c0 >>
√
gD, (31)

we have the inequality:

δ ≡
R0

D
≈
c0T

D
>>

√
gDT

D
= κ. (32)

Thus parameterδ is rather large even for small values ofκ.
This means that long surface waves can be efficiently gener-
ated by volcano eruption for many regimes of its activity.

Numerical calculations of the solution show that at
R/D=10, the wave shape does not depend much on the vari-
ation of parameterκ between 0.1 and 3. In all cases positive
half-wave is formed, followed by oscillations.

Consider a hypothetical example of bottom volcano at the
depth 1 km (D=1 km, ε=0), with the eruption duration of
T=10 s and the volume of erupted substanceW=106 m3.
Then at the distance 10 km we can expect the wave with
the height of 15 m and the half-period of about 60 s. For
such a wave the Ursell parameterU=hλ2/D3 is of order
one. Hence, further evolution is driven by both nonlinear
ands dispersion effects, and such waveform can lead to the
emergence of a soliton. In a channel (or ray tube of constant
width) solitons can propagate without decay, while radially
symmetric waves withU=O(1) have the decay in height as
R−1/2 (Pelinovskij, 1982).

4.2 Conditions of model applicability

It is useful to provide some energetic estimations. LetS de-
notes the area of crater cross-section,ν the density of erupted
substance andv- the speed of erupted lava. Since we always
have the balance equationv=W/(T S), the kinetic energyEk
of eruption is given by the formula

Ek =
νW3

2T 2S2
. (33)

If the speedV is too high (fast eruption), the erupted lava will
go to the air above the free surface, the effective radius of ini-
tial perturbation of water surface will be small, and efficient
generation of long waves will not take place. The model is
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not valid, since such stream of lava cannot be treated as hy-
drodynamic source. The condition of lava exiting to air is the
following:

V ≥
√

2g(D − ε). (34)

The present model is valid if two conditions are satisfied (suf-
ficiently low velocity of eruption and sufficiently long time
of eruption):

V <<
√

2g(D − ε), T >>
W

S
√

2g(D − ε)
. (35)

4.3 Wave height in crater zone

The initial elevation of water (wave height) over volcano
zone (r=0) can be calculated asymptotically for lowT ; nota-
tionsh=D, z0=D−ε are used)(seePelinovskij, 1996, p.56):

h0 =
2πW

gT 2

h

|z0|(|z0| + 2h)
. (36)

It is useful to make some estimations. Assuming ocean depth
1 km and volcano located at its bottom (z0=h=1 (km)), the
eruption volumeW=106 m3 and the durationT=10 s, the
initial shift of water over crater would be about 2 m. If we
assume that the erupted liquid has the density of water, the
erupted mass is 1 mln. tons. These parameters are not exotic.
For example, volcano Bezimjannij (Kamchatka) has erupted
several millions of tons of lava during several dozens of sec-
onds (Taziev, 1963).

What is the diameter of efficient water disturbance? If we
spread 1 mln. cubic meters of water as a layer 2 m high, it
will cover only 0.5 sq.km, too small area to efficiently gen-
erate long tsunami wave in deep ocean. In reality, those vol-
canoes that have generated catastrophic tsunamis, were lo-
cated much closer to surface, and in some cases have been
partly above it. For example, Krakatau volcano before its
eruption in 1883 represented a caldera of several islands
slightly above sea level. Santorini volcano in Greece has
similar structure. For these cases it is more natural to assume
z0=100 (m) andh=200 (m), and this gives (for the same
values ofW andT ) much higher initial elevation in the cen-
tre: η0=25 (m). With the speed of long gravity waves,

√
gh,

being 45 m/s on the shelf 200 m deep, the signal would prop-
agate about 450 m during the eruption time, creating the area
of almost 1 sq.km of perturbed water. This is already within
the limit of long waves. LongerT would make generation
process even more efficient, although the initial amplitude
of these waves would be smaller. While all volcanoes can
be responsible for tsunami waves in the local zone, the most
dangerous case is when long wave is generated: it can pass
many thousands km.

5 Conclusions

1. The suggested hydrodynamic mechanism of tsunami
generation by volcano eruption allows to describe the

observed scales of tsunami waves. Some asymptotic es-
timations show that for typical parameters of observed
surface eruptions, underwater volcanoes can generate
catastrophic waves.

2. For the typical parameters of erupted mass and duration,
the initial perturbation of the ocean level over underwa-
ter volcano is substantial. Long waves are generated
more efficiently when volcano is located on shelf and
not on deep water. But this is typical situation with vol-
canoes: those which created catastrophic tsunamis in
the past had craters close to the sea level.

3. Volcanoes represent an important source of tsunamis.
Understanding the mechanisms of wave generation can
help to deal with hazard problems. This is especially
important in the areas with limited seismic activity. For
example, at present time the risk of tsunamis in Mediter-
ranean basin is underestimated due to neglection of
volcano-generated tsunamis.
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