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Abstract. Natural hazards associated with volcanic edifices
depend partly on how fracture resistant the edifices are,
i.e. on their strengths. Observations worldwide indicate that
large fluid-driven extension fractures (dikes, inclined sheets),
shear fractures (landslides), and mixed-mode fractures (ring
dikes and ring faults) normally propagate more easily in a
basaltic edifice (shield volcano) than in a stratovolcano. For
example, dike-fed eruptions occur once every few years in
many basaltic edifices but once every 102−3 yr in many stratovolcanoes. Large landslides and caldera collapses also appear to be more common in a typical basaltic edifice/shield
volcano than in a typical stratovolcano. In contrast to a
basaltic edifice, a stratovolcano is composed of mechanically
dissimilar rock layers, i.e. layers with mismatching elastic
properties (primarily Young’s modulus). Elastic mismatch
encourages fracture deflection and arrest at contacts and increases the amount of energy needed for a large-scale edifice failure. Fracture-related hazards depend on the potential
energy available to propagate the fractures which, in turn,
depends on the boundary conditions during fracture propagation. Here there are two possible scenarios: one in which
the outer boundary of the volcanic edifice or rift zone does
not move during the fracture propagation (constant displacement); the other in which the boundary moves (constant
load). In the former, the total potential energy is the strain
energy stored in the volcano before fracture formation; in
the latter, the total potential energy is the strain energy plus
the work done by the forces moving the boundary. Constantdisplacement boundary conditions favor small eruptions,
landslides, and caldera collapses, whereas constant-load conditions favor comparatively large eruptions, landslides, and
collapses. For a typical magma chamber (sill-like with a diameter of 8 km), the strain energy change due to magmachamber inflation is estimated at the order of 1014 J (0.1 PJ).

For comparison, the surface energy needed to form a typical feeder dike is of the same order of magnitude, or 1014 J.
There are several processes besides magma-chamber inflation that may increase the strain energy in a volcano before
eruption. Thus, during a typical unrest period with magmachamber inflation, the added strain energy in the volcano is
large enough for a typical feeder dike to form. An injected
dike, however, only reaches the surface and becomes a feeder
if it is able to propagate through the numerous layers and
contacts that tend to deflect or arrest dikes. The strong elastic
mismatch between layers that constitute stratovolcanoes not
only encourages fracture arrest, but also the storage of more
strain energy (than in a typical basaltic edifice/shield volcano) before fracture formation and failure. It is thus through
producing materials of widely different mechanical properties that stratovolcanoes become strong and resilient.

1

Introduction

Many stratovolcanoes are long-lived, tall and strong structures (Fig. 1). The tallest ones reach 6–6.9 km above sea
level, 4–4.8 km above their surroundings, and their upper
parts are as steep as 35–42◦ (Simkin and Siebert, 1995, 2000;
Frank, 2003; Rosi et al., 2003; Siebert et al., 2010). Given
the steep slopes, small landslides are common (Reid, 2004;
Boudon et al., 2007). For most stratovolcanoes, large landslides taking 20–30 % of the cone material, however, are apparently not common and seem to require specific external
loading, such as shallow magma intrusion or earthquakes
(Tibaldi et al., 2006).
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Dike-fed eruptions are the most common type of largescale fracture failure of volcanic edifices. Some stratovolcanoes erupt once every 0.1–10 yr (Simkin and Siebert, 2000;
Siebert et al., 2010), but these eruptions are mostly related
to open central conduits, rare features, or lava lakes, rather
than to feeder-dike formation and associated edifice failure.
A common eruption frequency in a mature stratovolcano is
once every several hundred to several thousand years (Simkin
and Siebert, 1995, 2000; Frank, 2003; Rosi et al., 2003;
Siebert et al., 2010).
Some clarification is needed as to what is meant by volcano failure. When we refer to magma-driven fracture failure
of a volcano, what is meant in this paper is failure through
dikes and inclined sheets. Many stratovolcanoes have central
conduits. Only in very rare cases, however, and over short periods of time and at very shallow depths, are these conduits
open cavities to the surface. Most commonly, the conduits are
filled with rocks of various types. As is well known, many
eroded conduits are exposed as plugs (necks) composed of
breccias and (mainly dike and inclined sheet) intrusions. During eruptions from conduits, it is commonly a single dike
that propagates through the conduit rocks and to the surface
supplies magma to the eruption rather than the conduit as a
whole.
This conclusion is strongly supported by the recent drilling
into the conduit of the Mount Unzen volcano in Japan
(Nakada et al., 2005). The results of the drilling show that
the 500-m-thick conduit is, at 1.3 km depth below the summit of the volcano, composed primarily of volcanic breccias
dissected by many dikes and igneous (pyroclastic) veins. The
dikes range in thickness from 7 to 40 m, are subvertical and
subparallel, and strike perpendicular to the inferred trend of
Fig. 1. The stratovolcano Teide in Tenerife, Canary Islands.
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and(Tibaldi et al., 2009). No circular or
subject to many landslides. Well-known examples include
pipe-like conduits have been found. Furthermore, the active
Stromboli in Italy, where four large landslides have occurred
magma conduit itself is a dike (Casagli et al., 2009). Thus,
in the past 15 thousand years (Tibaldi, 2003), and Auguseven within a clear conduit zone, the supply of magma to
tine in Alaska (composed of several overlapping lava domes),
the surface, and thus the condition for an eruption, in a strawhere some eleven lateral collapses have occurred in the past
tovolcano may be, and presumably very often is, primarily
2 thousand years (Beget and Kienle, 1992). Both these stratothrough dikes.
volcanoes are highly active – Augustine being the most active
The largest basaltic edifices (shield volcanoes) on Earth
volcano in the eastern part of the Aleutian Arc and Stromrise as much 9 km above the sea floor – some 15–17 km if
boli effectively the most active volcano in the world – and
the depression of the sea floor is taken into account (Rosi et
their high activity may be one reason for their relative inal., 2003; Lockwood and Hazlett, 2010; Siebert et al., 2010;
stability and frequent landslides over these time periods. In
hvo.wr.usgs.gov/maunaloa) – but they often form clusters
comparison with basaltic edifices/shield volcanoes, however,
with unclear elevation reference levels (Simkin and Siebert,
large landslides appear less frequent in typical stratovolca1995, 2000; Frank, 2003; Rosi et al., 2003; Siebert et al.,
noes than in typical basaltic edifices.
2010). Most basaltic edifices
are much smaller, and their
38
slopes are generally gentle (Fig. 2). For example, the slope
Nat. Hazards Earth Syst. Sci., 12, 2241–2258, 2012
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Fig. 2. Small shield volcano, the Holocene lava shield Skjaldbreidur
in Southwest Iceland. View looking east, the top of the lava shield
Fig. 2. Small shield volcano, the Holocene lava shield Skjaldbreidur in Southwest Iceland. View
is at 1060 m a.s.l. and rises here some 700 m above its surroundings.
east, the top of the lava shield is at 1060 m a.s.l. and rises here some 700 m above its
The shield is composed almost exclusively of thin (0.5–2 m thick)
surroundings. The shield is composed almost exclusively of thin (0.5-2 m thick) pahoehoe flow
pāhoehoe flow units with little or no scoria at the contacts between
units with little or no scoria at the contacts between the layers.
the layers.
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of the subaerial parts of Kīlauea and Mauna Loa is mostly 4–
8◦ (Walker, 2000). Large landslides are common in basaltic
39
edifices (Oehler et al., 2005; Thompson et al., 2008), such
as around the Big Island of Hawaii (Moore et al., 1994), the
Canary Islands (Acosta et al., 2005), and Réunion (Oehler
et al., 2005). Many large landslides are submarine; others
are subaerial. There are more identified calderas hosted by
stratovolcanoes than by basaltic edifices (Geyer and Marti,
2008), because there are many more known and classified
stratovolcanoes than basaltic edifices (Simkin and Siebert,
1995, 2000; Frank, 2003; Rosi et al., 2003; Siebert et al.,
2010; www.volcanodb.com). However, formation of and slip
on existing ring faults of calderas appear to be more common
in individual large basaltic edifices (Walker, 1988) than in
individual stratovolcanoes (Newhall and Dzurisin, 1988). In
many basaltic edifices, there is a dike-fed eruption once every
1–5 yr. For example, in Piton de la Fournaise (Réunion), Etna
(Italy), and Mauna Loa (Hawaii) (Simkin and Siebert, 1995,
2000; Frank, 2003; Rosi et al., 2003; Siebert et al., 2010).
This paper has three main aims. The first is to explain
why, in comparison with basaltic edifices (shield volcanoes),
stratovolcanoes can maintain steeper slopes and appear to be
less frequently subject to large-scale failure through dike-fed
eruptions and large vertical (caldera) and lateral (landslide)
collapses. Using field observations, and analytical and numerical models, I provide observational and theoretical evidence for stratovolcanoes being mechanically stronger structures than basaltic edifices. Other factors, of course, contribute to the steep slopes of stratovolcanoes, for example,
the commonly high viscosities of their magmas and associated extrusives. Here, however, the focus is on the effects of
mechanical strength. The second aim is to analyze the conditions for fracture propagation in volcanic edifices and how
www.nat-hazards-earth-syst-sci.net/12/2241/2012/
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different boundary conditions have different implications for
fracture growth. In particular, I discuss the difference between the conditions where the outer boundary of the vol40
canic edifice/rift zone does not move (constant displacement)
and where it moves (constant load) during the fracture propagation. The third aim is to estimate the strain energy stored
in a volcanic edifice during unrest and magma-chamber inflation and compare it with the surface energy needed for a
fracture to propagate to the surface in a volcanic edifice. The
fracture example used is a typical feeder dike, but the results are easily generalized to other fractures such as landslide faults (slip surfaces) and ring faults (caldera faults).

2

Internal structure

A stratovolcano consists of rocks of widely different origin
and composition (Fig. 3). Pyroclastic material is as much as
50 % of the volume of the volcano and ranges in composition
from mafic to felsic. The lava flows and intrusions, primarily
sills, inclined sheets, and dikes (Fig. 3), show a similar compositional range. The sedimentary rocks, mostly debris talus
derived from erosion of the upper parts of the volcano, become buried by subsequent lava flows and pyroclastic flows
and thereby a part of the volcano structure. Some welded pyroclastic layers may have a higher Young’s modulus, i.e. be
stiffer than, typical lava flows, whereas non-welded pyroclastic layers and many sedimentary layers are compliant (with a
low Young’s modulus) and thus softer than lava flows (Bell,
2000; Gudmundsson, 2011a).
A basaltic edifice consists mostly of basaltic lava flows
(Fig. 4), sills, inclined sheets, and dikes. The lava flows and
Nat. Hazards Earth Syst. Sci., 12, 2241–2258, 2012
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Fig. 5. (a) Schematic presentation of boundary element-model results showing opening, debonding or delamination, of a weaker
contact between stiffer layers ahead of an overpressured (10 MPa)
propagating dike. (b) If the dike reaches the contact, it may either
deflected into a sill (Figs. 7 and 10), as indicated here, or
Schematic become
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3 Fracture
deflection and arrest
imilar mechanical properties and the cliff functions effectively as a single
mechanical
intrusions contain numerous columnar joints which lower
12
their effective stiffness. The joints also decrease the horizontal tensile strength to as low as 0.5 MPa (Schultz, 1995), mak13strength across contacts
ing it similar to the vertical tensile
between ’a’ā lava flows and between flow units in pāhoehoe
flows. (A stratovolcano also contains lava flows and intrusions with numerous joints, but in addition it contains many
pyroclastic and sedimentary layers with very different joint
patterns and mechanical properties from those of the lava
flows and intrusions). A basaltic edifice is thus made of rock
units, layers, and contacts with mechanical properties that
vary much less than those in a stratovolcano (Fig. 4).
One principal measure of the toughness of layered and
laminated materials is the frequency with which fractures become deflected and arrested at interfaces or contacts between
the layers (He and Hutchinson, 1989; Hutchinson, 1996). In
Nat. Hazards Earth Syst. Sci., 12, 2241–2258, 2012

Deflection and arrest of rock fractures at contacts, and thus
much of the toughness of a volcanic edifice, is primarily controlled by three related factors: (1) the tensile stresses ahead
of the fracture and thus the tensile strength of the contact versus that of the adjacent rock layers; (2) rotation of the local
principal stresses at the contact; (3) the material toughness of
the contact in comparison with the material toughness of the
adjacent rock layers.
41
The first factor can be illustrated by a contact opening
up because of induced tensile stresses ahead of a dike tip
(Fig. 5), referred to as the Cook-Gordon debonding or delamination (Gudmundsson, 2009, 2011b). In a homogeneous,
isotropic material the tensile stress ahead of, and parallel to,
an extension fracture such as a dike is about 20 % of the stress
perpendicular to the fracture. Opening of contacts between
www.nat-hazards-earth-syst-sci.net/12/2241/2012/
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Fig. 7. Dike (inclined sheet) deflected into a sill at a contact between
dissimilar layers in the Tertiary areas of West Iceland. The layer
Tertiary areas of West Iceland. The layer below the sill (in front of which the person is standing
below the sill (in front of which the person is standing for scale) is
for scale) is softer (more compliant) than the basaltic lava flow on the top of the sill.
softer (more compliant) than the basaltic lava flow on the top of the
sill.

Fig. 7. Dike (inclined sheet) deflected into a sill at a contact between dissimilar layers in the
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The third factor is best analyzed as follows. The total
energy release rate Gtotal for a mixed-mode (extension and
shear) loading is (Broberg, 1999; Gudmundsson, 2011a, b)

10
11

Gtotal =GI + GII + GIII
=

2
(1 − ν 2 )KI2 (1 − ν 2 )KII2 (1 + ν)KIII
+
+
E
E
E

44

(1)

where G is energy release rate (see Sect. 5), ν is Poisson’s
ratio, E is Young’s modulus, and K is the stress-intensity
factor. The critical value of G is referred to as the material
toughness, given as J m−2 . The critical value of K is referred
to as fracture toughness, given as Pa m1/2 . This form of the
Fig. 6. Dike arrest due to principal stress rotation at contacts beequation assumes plane-strain conditions; the subscripts I–III
tween dissimilar rocks. In this finite-element model, the only loadfor G and K denote the loading modes. In geology, a mode I
ing is magmatic excess pressure (5 MPa) in the magma chamber, located
in a layer with
a stiffness
of 40atGPa.
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right-hand
side
of the equality sign in Eq. (1). Deflection
ses of 100 arrested
GPa and
1 GPa,
The
direction
of the principal compressive
(as seen
here) respectively.
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(Figs.
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of the fracture along a contact normally involves more than
one loading
mode
(He and Hutchinson, 1989; Hutchinson,
ndicated by ticks (short lines). (a) State of stress before dike injection.
(b) The
dike
1996),
a
mixed
mode,
in which case the total energy release
mismatching rock layers is common close to the surface, of(Fig.
9) across of, for example, GI and either GII or
1-ticks and, depending on its overpressure and the elastic mismatch
rate
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a
combination
ten resulting in fracture deflection or arrest.
The second
factor,
rotation
of the principal
stresses,
becomes arrested
(as seen
here)
or changes
into a sill
(Figs.oc7, 10).GIII . Thus, to deflect an extension fracture from its normal
path and propagate it along a contact between layers (as, say,
curs frequently at contacts between dissimilar rocks at varimode II) for a while requires more energy per unit extension
ous crustal depths (Fig. 6). Since dikes and other extension
of fracture than a pure mode I propagation.
fractures do not normally propagate perpendicular to σ1 , (but
In addition, the path of a deflected fracture normally berather perpendicular to σ3 ), a vertically propagating dike that
comes
longer than the
43 path of a vertical extension fracture,
meets a layer where the local σ1 has changed from being verwhich
adds
to
the
energy needed for the propagation of
tical to horizontal either becomes deflected along the contact
the
mixed-mode
fracture.
This follows because the stress(Fig. 7) or arrested (Fig. 8).
intensity factor K depends on the length of the fracture. For
www.nat-hazards-earth-syst-sci.net/12/2241/2012/
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Fig. 9. Ratio of strain energy release rate, a measure of material
toughness, to that of Dundurs’ elastic mismatch parameter αD (data
Fig. 9. Ratio of strain energy release rate, a measure of material toughness, to that of Dundurs
from He and Hutchinson, 1998 and Hutchinson, 1996). Inset: on
elastic mismatch parameter αD (data from He and Hutchinson, 1998 and Hutchinson, 1996).
meeting a contact, a fracture (here a dike) may become (a) arrested,
Inset: on meeting a contact, a fracture (here a dike) may become (a) arrested, (b) singly
(b) singly deflected, (c) doubly deflected, or (d) penetrate the condeflected, (c) doubly deflected, or (d) penetrate the contact. Layers A and B are stiffer than,
tact. Layers A and B are stiffer than, whereas layer C has the same
whereas layer C has the same stiffness as, layer D. With no elastic mismatch across the contact,
stiffness as, layer D. With no elastic mismatch across the contact,
αD = 0.0 and fracture deflection occurs only if contact toughness is about 25% of the toughness
αD = 0.0, and fracture deflection occurs only if contact toughness
of the layers A, B and C. When the mismatch increases (αD increases from 0.0 toward 1.0),
is about 25 % of the toughness of the layers A, B and C. When the
deflection occurs even if the contact toughness becomes higher than the toughness of the
mismatch increases (αD increases from 0.0 toward 1.0), deflection
adjacent layers.
occurs even if the contact toughness becomes higher than the toughness of the adjacent layers.
46

fracture (E2 ) and below the contact is less than that of the
layer above the contact (E1 ). Theoretically, the tendency to
fracture arrest or deflection varies positively with αD (Eq. 2;
Fig. 9), i.e. with increasing difference between E1 and E2 ,
Fig. 8. Arrested basaltic dike at a contact between dissimilar rocks
as is confirmed in experiments (Kim et al., 2006; Lee et al.,
in Tenerife, Canary Islands. The stiff host rock is an inclined,
g. 8. Arrested basaltic dike at a contact between dissimilar rocks in Tenerife, Canary Islands.
2007).
basaltic sheet, whereas the soft rocks are altered breccias. The maxFrom Eq. (2) and Figs. 3 and 5–9, what follows is that frache stiff host rock
is an
inclined,
basaltic
imum
dike
thickness
is 0.8sheet
m. whereas the soft rocks are altered breccias. The
ture
deflection and/or arrest at a contact is encouraged when
aximum dike thickness is 0.8 m.
the mechanical
properties, in particular Young’s modulus, on
45
example, for a model I crack model of a dike (Figs. 3, 5 and
either side of the contact are very different, giving rise to
8), KI = Po [π a]1/2 , where Po is the magmatic overpressure
an elastic mismatch. By contrast, deflection along contacts is
driving the dike and a is the dip dimension (the vertical path
discouraged when the properties are similar or the same on
length) for a dike injected from a magma chamber. Deflected
either side of the contact (Figs. 4 and 9).
(Fig. 7) and arrested (Fig. 8) dikes and other fractures in a
There is thus generally a much stronger tendency to deflecvolcano indicate that the volcano has a comparatively high
tion and/or arrest of fractures on meeting contacts between
material toughness, i.e. is fracture resistant and strong.
layers in a typical stratovolcano (Figs. 1, 3 and 10b) than in
The tendency to fracture deflection at contacts is indicated
a typical basaltic edifice (Figs. 2, 4 and 10a). This is because
by the Dundurs’ elastic extensional mismatch parameter αD
elastic mismatch between layers is much more common, and
(He and Hutchinson, 1989; Hutchinson, 1996):
generally much greater, in a stratovolcano than in a basaltic
edifice. These theoretical conclusions are in good agreement
E1 − E2
(2)
αD =
with the results of a study of 165 dikes exposed in the upperE1 + E2
most 200 m of the caldera walls of the stratovolcano Miyakewhere E is the plane-strain extensional Young’s modulus
jima (Japan), the wall being the result of a caldera collapse in
(stiffness). Deflection of a vertical fracture along a horizontal
the year 2000 (Geshi et al., 2010, 2012). Even at such a shalcontact is favored when the stiffness of the layer hosting the
low depth (less than 200 m below the surface), 93 % of the
Nat. Hazards Earth Syst. Sci., 12, 2241–2258, 2012
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materials (fragments) of various size, shapes, velocities, and
temperatures are ejected from the eruptive vents. Seismic energy involves volcanic earthquakes, such as are generated
during the upward propagation of a feeder dike, as well as
during the volcanic tremor. Hydraulic potential energy results from the fact that fluids (magma and gas) are driven
from a higher to a lower potential energy. This energy is
thus reflected in the pressure/hydraulic gradient that drives
the magma and gas to the surface during an eruption.
While thermal energy may contribute to the energy needed
for a feeder-dike (or caldera ring-dike) propagation (such as
through thermal stresses), it is primarily the (elastic) potential energy stored in the volcano that allows feeder-dikes,
caldera faults, and landslide faults to form. Here the focus
is thus on the (elastic) potential energy and its contribution
to fracture formation in volcanic edifices.
When a volcanic edifice is loaded, potential energy is
stored in its rock layers and units. In general, the loads may
be forces, moments, stresses, strains, or displacements, or
combinations of these. In the present analysis, the loading
is supposed to be primarily related to inflation of the associated magma chamber. In this section, the focus is on simple
magma-chamber inflation (and deflation) models, in particular the “Mogi model” (Mogi, 1958; Kusumoto and GudFig. 10. (a) A basaltic edifice is composed primarily of mechanimundsson, 2009), and how they relate to thermodynamic
cally similar layers so that, once initiated, landslide faults (or slip
principles and the storage of potential energy during unrest
surfaces or failure planes), ring faults, and dikes have a comparaperiods.
In Sect. 5, I show how the stored potential energy
. (a) A basaltic
edifice
is
composed
primarily
of
mechanically
similar
layers
so that, once
tively high probability of reaching the surface, as indicated here by
relates
to
fracture formation in the volcanic edifice.
many(or
feeder
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ratively highlow
probability
the surface,
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(Fig. 11). The standard solution is given for a sphere subject
many
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(b) A stratovolcano is composed of mechanically dissimilar layers so that faults and dikes
to a total pressure (rather than the excess pressure discussed
omparatively low probability of reaching the surface, as indicated here below)
by the as
many
the only loading. For a magma chamber, the total
pressure
p
exposed
dikes
are
arrested,
mostly
at
contacts
between
stiff
t may be given as pt = pe + pl , where pe is the
d and deflected (into sills) dikes.
excess pressure and pl the lithostatic pressure in the magma
lava flows and softer tuff layers – as predicted by the three
chamber. For convenience, the margin of the volcanic edifice
fracture-arrest mechanisms discussed previously (cf. Figs. 5–
or crustal segment hosting the chamber is also assumed to
10).
be a sphere with a radius R2 where R2  R1 and there is
lithostatic stress or pressure pl at R2 .
Using spherical polar coordinates (r, θ, ϕ), r is the radius
4 Energies of a volcanic edifice
vector (distance), θ is the angle between the radius vector r
While the arrest of a fracture depends on the mechanisms disand a fixed axis z, and ϕ is the angle measured around this
cussed above, its initiation and propagation depend largely
axis (Gudmundsson, 2011a). The total magmatic pressure in
on the energy stored in the volcanic edifice prior to fracture
the chamber47pt generates a compressive radial stress σr :
"
initiation. During an unrest period in a volcanic edifice, the
 3 #
 3
R1
R1
associated hazards depend on how much energy is available
+ pl 1 −
(3)
σr = pt
r
r
to drive the fracture propagation that eventually gives rise to
a volcanic eruption, a caldera collapse, or a large landslide.
Because of spherical symmetry, the two other principal
There are various forms of energy associated with volcanic
stresses σθ and σϕ are equal and given as
edifices. These include thermal, kinetic, seismic, hydraulic
" 
#
 
potential, (elastic) potential, and strain energies. Thermal enpt R1 3 pl
R1 3
σθ = σϕ = −
+
+2
(4)
ergy is related to the heat released from gas, pyroclastic ma2
r
2
r
terials, and lava flows, but is also transferred from the magma
Magma-chamber inflation or deflation occurs if the magchamber to the host rock and to the surface. Kinetic energy is related to the explosive activity whereby pyroclastic
matic pressure in the chamber is above or below the
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inflation. The “point-pressure” or strain-nucleus energy Un
may be expressed as:
Un = pe R13

(7)

It should be noted that, here, R1 is the radius of the point
source or chamber and pe , the excess pressure, is the pressure above lithostatic and thus the added pressure (change
in pressure) that is responsible for the inflation – eventually,
perhaps, resulting in magma-chamber rupture and dike injection. The model is commonly formulated in terms of magmachamber volume change 1Vc during the inflation, as is discussed below.
This model is a special case where the chamber is assumed
small and totally molten. A more general case of a partially
molten magma chamber can be derived as follows. If the volume of magma received (from a deeper source) by a porous
magma chamber of total volume Vc is denoted by Vre , then
the excess pressure in the chamber pe is given by (cf. Gudmundsson, 2006):

2

8

Fig. 11. Totally fluid, spherical magma chamber, the depth to its
center being denoted by d. The chamber radius is R1 , and it is subVre
ject tofluid,
magmatic
excess
pressure
pethe
asdepth
the only
Thedenoted
point by d.pThe
(8)
Fig. 11. Totally
spherical
magma
chamber,
to itsloading.
center being
e=
γ (βm + βc )Vc
directly above the center of the magma chamber A would be the lochamber radius is R1 and it is subject to magmatic excess pressure pe as the only loading. The
cation of fissure eruptions in case the chamber rupture was at point
point directly
above spherical
the centerchambers,
of the magma
would
the location of fissure
where γ is the melt fraction (porosity) of the magma
B. Many
and chamber
chambersA of
otherbegeometries,
chamber,
βm is the magma compressibility, and βc is the
eruptions rupture
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chamber
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at point B.
Manyalong
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of
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inject rupture
dikes and
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their
entire upper
compressibility
of the host rock of the magma chamber. Subboundaries
(cf.
Gudmundsson,
2006).
other geometries, rupture and inject dikes and inclined sheets along their entire upper boundaries

9

(cf. Gudmundsson, 2006).

3
4
5
6
7

10

11

lithostatic pressure in the host rock. Thus, it is more convenient to use the magmatic excess magma pressure pe , defined as the total pressure minus the normal stress (here, the
lithostatic pressure), instead of the total pressure pt . During
magma-chamber inflation, the excess pressure must increase
with time, whereas during deflation it must decrease with
time. Using excess pressure, Eqs. (3) and (4) may be rewritten in the form:
 3
R1
σr = pe
(5)
r
 
pe R1 3
σθ = σϕ = −
(6)
2
r
Consider next the special case of a very small spherical
chamber, so that R1  d and R1 → 0 but that the product
of excess pressure and chamber radius, pe R13 , is still finite.
This is the model of a “point pressure” or a nucleus of strain,
initially used by Anderson (1936) to explain cone sheets
and ring dikes, and subsequently referred to as the “Mogi
model” in surface-deformation studies of volcanoes during
unrest periods (Mogi, 1958; Kusumoto and Gudmundsson,
2009). Since pressure has the units of N m−2 and volume
has the units of m3 , it follows that a “point pressure” has the
units of N m, i.e. joules. This means that the “point-pressure”
model is a measure of the energy stored in the volcano during
Nat. Hazards Earth Syst. Sci., 12, 2241–2258, 2012

stituting Eq. (8) for pe in Eq. (7), and using a = R1 , we get
the strain-nucleus energy as:
Un =

Vre a 3
γ (βm + βc )Vc

(9)

To48see how the equations above relate to more general principles, consider the first law of thermodynamics, which may
be written in the form:
1U = 1Q + 1W

(10)

where 1U is the change in internal energy of the system
(here the volcano), 1Q is the heat received by the system,
and 1W is the work done on the system. These are the standard definitions in physics and chemistry (e.g. Atkins and de
Paula, 2010; Blundell and Blundell, 2010). (In engineering it
is common to consider the work done by the system on its
surroundings and provide a negative sign for 1W ).
When a magma chamber shrinks as magma flows out of
it during an eruption, there is inward displacement of the
chamber boundary/walls, so that there is work done. The
work done is negative, since the volume is decreasing and
the associated energy is decreasing. This follows because the
maximum energy stored in the host rock existed at the time
when there was maximum inflation of the chamber just before it ruptured and magma started to flow out of it towards
the surface. Since magma is flowing out of the chamber during the eruption and to the surface where it cools down, the
www.nat-hazards-earth-syst-sci.net/12/2241/2012/
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heat received by the chamber (the system) 1Q is also negative, meaning that heat is transported (by the erupted magma)
out of the system, i.e. the chamber.
It follows from these considerations that the energy change
in the volcanic edifice or system during an eruption is negative, i.e. the internal energy decreases. It is this energy decrease that drives the eruption. The heat lost can be calculated
from the solidification of magma from, say, 1100 ◦ C to 25 ◦ C,
but is not considered in the calculations below which focus
on the work and its relation to the potential energy available
to drive eruptions, landslides, and caldera collapses.
Work is defined as force time displacement or distance in
the direction of the force. The excess pressure is force per
unit area of the magma-chamber boundary. It follows that the
work done, 1W , is given by (positive if expansion, negative
if shrinkage):
1W = pe 1Vc

(11)

where 1Vc is the change in volume of the magma chamber during the eruption. The magmatic excess pressure has
the units of pascal, newtons per square meter, whereas the
volume change has the units of cubic meters. We thus have
N m−2 × m3 = N m, namely joule, which is the unit of work
and energy.
In Eq. (10), it is assumed that the excess pressure is constant during the magma-chamber volume change. This is normally not the case. For variable excess pressure, the work
during the magma-chamber volume change is given by (positive if expansion, negative if shrinkage):
dW = pe dVc

(12)

so that the total work (W ) during the magma-chamber shrinkage or compression becomes:
ZVf
W=

(13)

Vi

where Vi and Vf are the initial and final volumes, respectively.
In the point-pressure model, the magmatic excess pressure is
assumed constant. Comparison of Eq. (7) and Eqs. (11) and
(12) further shows that the point-pressure model is simply a
measure of the energy or work done by the expanding (inflating) or contracting (deflating) magma chamber in a volcano.
The work done during the shrinkage of the magma chamber, however, is primarily used to keep the magmatic excess
pressure positive (or else no magma could be driven out of
the chamber). Thus, this work is not readily available to generate fractures, such as are needed for the formation of dykes,
caldera collapses, and landslides, to which we turn now.
5

dike, a ring-fault, or a landslide fault. This energy is referred
to as surface energy. It can be explained at an atomic level
as follows. To form a fracture, two atomic planes must be
moved away from each other to a distance where there are
no interacting forces between the planes. The separation requires work, i.e. energy, namely surface energy Ws . Because
Ws represents energy that must be put into the system, in this
case the volcanic edifice, it is regarded as positive.
For a fracture to form, the total energy of the volcanic edifice Ut must be large enough to overcome the surface energy
Ws . The total energy may be regarded as composed of two
parts (cf. Sanford, 2003; Anderson, 2005):
Ut = 5 + Ws

Energy available for fracture formation

Energy is needed as input into the volcanic edifice to create
the new fracture surfaces associated with the formation of a
www.nat-hazards-earth-syst-sci.net/12/2241/2012/

(14)

where 5 is the (elastic) potential energy of the volcanic edifice and is supplied from two sources, i.e. the strain energy
U0 and external applied load or generalized force F . The
strain energy U0 , or rather the strain-energy change, is stored
in the edifice when it is loaded. Here the focus is on the strain
energy stored during magma-chamber inflation, i.e. the energy change prior to failure and fracture formation.
If a dike, a ring-fault, or a landslide fault is to form or reactivate, the total energy Ut in Eq. (14) must either remain constant or decrease. Fracture growth under equilibrium conditions is thus the condition where Ut = constant. For the fracture to propagate, new surface area dA must be generated. It
follows from Eq. (14) and the condition Ut = constant that,
for equilibrium condition:
dUt
d5 dWs
=
+
=0
dA
dA
dA

(15)

so that
−

pe dV

2249

d5 dWs
=
dA
dA

(16)

Using Eq. (16) we may define the energy release rate G:
G=−

d5
dA

(17)

which is then the energy available to drive the fracture propagation. More specifically, fracture extension occurs if the energy release rate reaches the critical value on the right-hand
side of Eq. (16):
Gc =

dWs
dA

(18)

where Gc is referred to as the material toughness of the rock.
Fracture formation and propagation can be formulated in
terms of two principal boundary conditions that provide different energy sources for the fracture propagation. One is the
displacement control, i.e. a fixed-grip or constant displacement boundary condition. This means that during the fracture
propagation within, say, a rift zone in the volcanic edifice,
Nat. Hazards Earth Syst. Sci., 12, 2241–2258, 2012
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Fig. 12. Dike injected laterally from a magma chamber located in a
volcanic edifice associated with a rift-zone segment. A fixed boundaryDike
means
that
the boundary
displacement
is inconstant
the
Fig. 12.
injected
laterally
from a magma
chamber located
a volcanicduring
edifice associated
1
Fig. 13. Dike injected laterally from a magma chamber located in
dike
emplacement
–
i.e.
the
boundary
does
not
move.
with a rift-zone segment. A fixed boundary means that the boundary displacement is constant
2
a volcanic edifice associated with a rift-zone segment. A flexible
during the dike emplacement - that is, the boundary does not move.
means
that from
the aloading
is constant
the edifice
dike associated
em3
Fig. boundary
13. Dike injected
laterally
magma chamber
located during
in a volcanic
placement
–
i.e.
the
boundary
can
move
as
the
dike
propagates.
there is a prescribed constant displacement, so that the exter4
with a rift-zone segment. A flexible boundary means that the loading is constant during the dike

nal loads do not perform any work. This means that the outer
5
boundaries of the rift zone are fixed, i.e. do not move during
6
the fracture propagation within it (Fig. 12). The second con7
dition is the constant load, where the load (force, stress, pressure) is prescribed and maintained during the fracture prop8
agation. This means that, for a volcanic-edifice rift zone, the
9
boundaries of the rift zone are flexible and can move outward
10
as the fracture propagates (Fig. 13). Consequently, the gener11
alized force F on the rift-zone boundary does work, denoted
by WL , which is equal to the load or force F times generalized displacement 1, i.e. WL = F × 1. This work can be
partly transmitted to the tip of the fracture and help it propagate.
For the constant-load (load-controlled) condition (Fig. 13),
the potential energy is defined as:
5 = U0 − WL

(19)

where U0 is the strain energy of the host rock of the fracture,
here a volcano or a rift zone. From Eq. (17) the energy release
rate is:
G=−

d5
d(U0 − WL ) dWL dU0
=−
=
−
dA
dA
dA
dA

(20)

where all the symbols are as defined above. To solve Eq. (20)
in terms of loads and displacements, we first note that the
work WL = F × 1, and then find a similar expression for the
strain energy U0 as follows:
Z1
U0 =

F d1 = 12 F1

(21)

0

From Eq. (19) we then get:
5 = U0 − WL = 1/2F1 − F1 = −1/2F1 = −U0
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(22)

emplacement - that is, the boundary can move as the dike propagates.
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so that, using A = a × t, where a is the fracture length for
a tunnel-shaped through crack (Gudmundsson, 2011a) and t
is the thickness of the crustal layer hosting the fracture, G
becomes:


d5
1 d(−U0 )
G=−
=−
dA
t
da





1 d F1
F d1
=
=
(23)
t da
2
2t da
Since the term on the right-hand side of the last equality
sign is positive, it shows that the strain energy of the volcano
or rift zone hosting the fracture actually increases as the fracture propagates. This implies that the fracture propagation for
the constant-load boundary condition is unstable.
Consider next the boundary condition of constant displacement. Since there is no work done on the boundary of
the rift zone or volcano (Fig. 12), it follows that WL = 0, in
which case, from Eqs. (19) and (21), the total potential energy is:
5 = U0 = 1/2F 1

(24)

i.e. the potential energy (of deformation) is equal to the strain
energy, which is equal to half the product of the generalized
force F and the generalized displacement 1. Using again
A = a × t, and proceeding as in Eq. (23), we obtain:


1 d(U0 )
d5
=−
G=−
dA
t
da





1 1 dF
1 dF
= −
=−
(25)
t 2 da
2t da
As the term on the right-hand side of the last equality sign
is negative, it follows that the strain energy of the volcano
www.nat-hazards-earth-syst-sci.net/12/2241/2012/
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or rift zone hosting the fracture decreases as the fracture
propagates. This implies that the fracture propagation for the
constant-displacement boundary condition is stable.
Let us now rewrite and compare the results in Eqs. (23)
and (25) so as to understand better the implications for fracture propagation during landslides, caldera collapses, and
volcanic eruptions. Force or load F and displacement 1 are
related through the compliance C in a version of Hooke’s
law, thus:
F=

1
C

(26)

For constant load boundary conditions, Eq. (23) gives the
strain energy release rate G in terms of load F (a constant)
and compliance C:




F 2 dC
F d(F C)
=
(27)
G=
2t
da
2t da
Similarly, for constant displacement boundary conditions,
i.e. 1 = constant, from Eq. (25) we get:
!




1 d(1C −1 )
12 dC
F 2 dC
G=−
=
=
(28)
2t
da
2t da
2tC 2 da
showing that, for the constant load and the constant displacement boundary conditions, we obtain identical expressions
(Eqs. 27 and 28) for the strain energy release rate G in terms
of generalized load or force F and compliance C for a given
fracture growth or extension da. The results also show that,
as the fracture grows by da, its compliance increases by dC.
Since compliance is the reciprocal of stiffness, this means
that, during fracture propagation in a volcano, the overall
stiffness (Young’s modulus, when using stress and strain
rather than force and displacement) decreases, i.e. the volcano becomes “softer” or more compliant.
The main results as regards fracture development in volcanoes, based on the present analysis, may be summarized as
follows:
1. When the boundaries of a rift zone, or a volcanic edifice
as a whole, cannot move during an unrest period and
fracture development, the only source of potential energy for the fracture development is the strain energy
stored in the volcano/rift zone before fracture propagation starts. The stored strain energy is primarily due
to extension across the rift zone, i.e. the stretching related to the extensional forces (such as plate pull for
edifices in rift zones located at divergent plate boundaries or spreading for many other volcanoes), to magmachamber inflation as new magma is injected into the
chamber during an unrest period, or both. The stored
strain energy is transformed into surface energy (which
is largely dissipated in the process zone at the tip of the
fracture in relation to microcracking or plastic deformation) during fracture propagation. Since no energy is
www.nat-hazards-earth-syst-sci.net/12/2241/2012/
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added to the system during the fracture propagation, the
strain energy decreases (Eq. 25).
2. When the boundaries of the volcanic edifice or its rift
zone can move during the fracture development, there
are two principal sources of potential energy for the
fracture development: the stored strain energy in the rift
zone/volcanic edifice U0 and the work WL done by the
external, generalized loading or force. The strain energy
stored in the rift zone/volcano decreases as the fracture propagates. However, there is work done on the
rift zone/volcano by the external force and this work
is partly transformed into energy to drive the fracture
propagation.
3. The constant-displacement boundary conditions
(Eq. 25) result in stable fracture propagation, i.e. as the
fracture propagates the energy (stored strain energy)
available to drive the fracture gradually decreases.
Thus, other things being equal, constant-displacement
boundary conditions favor comparatively small eruptions (for dikes) and landslides or caldera collapses (for
shear fractures). By contrast, constant-load boundary
conditions (Eq. 23) result in an unstable fracture
propagation, i.e. as the fracture propagates, the energy
available (strain energy and work) to drive the fracture
gradually increases. Generally, therefore, comparatively
large eruptions and landslides (and caldera collapses)
would be favored by such boundary conditions. These
results are, of course, easily extended to shear fractures
in general, such as earthquake faults, and imply that,
for a given earthquake zone, small earthquakes tend
to occur under constant-displacement conditions and
larger ones under constant-load conditions – a topic
that will be explored elsewhere.
4. During fracture propagation in a rift zone or a volcanic
edifice, the energy release rate G can increase, remain
constant, or decrease, depending on the type of boundary conditions applied and the fracture geometry. Thus,
the boundary conditions partly determine the fate of the
fracture, which is also controlled by the layering of the
volcanic edifice, i.e. the edifice strength.
For fractures (dikes, inclined sheets, faults) to develop in
a volcano or its rift zone(s), energy input is needed. For
longer fractures, more energy is needed than for short fractures (Mohajeri and Gudmundsson, 2012). As indicated, the
available energy sources, however, depend on the boundary
conditions at the time of fracture initiation and propagation.
More specifically, Eqs. (19) and (20), and the signs for WL ,
and U0 in Eq. (19), can be explained in more detail as follows. When the displacement is fixed, the boundaries of, say,
a volcanotectonic rift zone cannot move when a dike or other
fractures are emplaced or slip within that zone (Fig. 12). This
means that the only energy available to overcome the surface
Nat. Hazards Earth Syst. Sci., 12, 2241–2258, 2012
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energy of the rock Ws during fracture propagation is the energy stored as strain energy in the host rock of the fracture
(due to magma-chamber inflation and/or tensile strain related
to extension across the rift zone) before the fracture starts to
propagate. Thus, for a fixed displacement, the total potential
energy available for driving the fracture 5 is equal to the
strain energy U0 stored in the host rock, hence Eq. (24). As
the fracture propagates, the strain energy available to drive
the propagation gradually decreases, so that, for fixed displacement, the fracture propagation is stable.
By contrast, for the constant-load conditions the boundaries of the rift zone are flexible, i.e. can move when a dike or
other fractures are emplaced or slip within the zone (Fig. 13).
In this case, the potential energy increases as the fracture
propagates or grows. This follows because, when the load
is kept constant during the fracture propagation, the boundary of the rift zone adjacent to the fracture does work, i.e. the
boundary becomes displaced in a direction away from the
fracture. As indicated above, the work done by the generalized load is WL = F × 1, and the strain energy is (Eq. 21)
U0 = 1/2F 1. From Eqs. (22) and (23), it then follows that,
as the fracture grows, the energy available to drive the growth
increases, which means that the fracture propagation is unstable.
6

Application

As an exercise in application, we consider first a magma
chamber that is totally molten, as is commonly assumed
when modeling chambers beneath major volcanic edifices.
The “Mogi model” assumes the magma chamber to be spherical. Below, we will briefly consider a spherical chamber.
However, sill-like chambers are presumably the most common in the world, and are the geometries often inferred
from seismic and other geophysical measurements for active chambers, as well as for many fossil chambers, or plutons (Gudmundsson, 1990; Annen and Sparks, 2002; Gudmundsson, 2006; Kavanagh et al., 2006; Menand et al., 2010;
Menand, 2011). Thus, the focus is on sill-like magma chambers.
The maximum diameters of active calderas on Earth range
from 1.6 km to about 80 km, the largest being multiple and
geometrically complex. For comparison, the maximum diameters of Quaternary calderas range from about 1.6 km
to about 50 km (Lipman, 2000; Krassilnikov and Head,
2004; Gudmundsson, 2008). There is a difference in caldera
size between basaltic edifices and stratovolcanoes. In active
basaltic edifices, the mean maximum caldera diameter is 6–
7 km, whereas in stratovolcanoes the mean maximum caldera
diameter is 18–19 km (Radebaugh et al., 2001), suggesting
greater energy available to form typical calderas in stratovolcanoes. For calderas, the collapse diameter is normally similar, or somewhat smaller, than the diameter of the associated
shallow magma chamber (Gudmundsson, 2008).
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Using common dimensions of calderas formed in single
collapses, as well as studies of active and fossil magma
chambers, typical dimensions of a sill-like chamber associated with a major volcanic edifice would be a diameter of
8 km and a thickness of about 2.5 km. The chamber volume
would then be about 167 km3 . This is well within the range
of estimated magma-chamber volumes, generally between
5 km3 and 500 km3 (Chester, 1993). For a spherical chamber, rather than the sill-like used here, the chamber diameters corresponding to volumes of 5–500 km3 would be from
2 km to 10 km. For the largest eruptions, producing in excess of thousand cubic kilometers of pyroclastic materials,
the magma chambers may have been even larger than this –
possibly more than 1000 km3 .
The magma-chamber volume of 167 km3 is thus much
less than the likely maximum volume that crustal magma
chambers can have. Very large magma chambers, say 500–
1000 km3 , are presumably rare, whereas smaller magma
chambers, say 20–200 km3 , are much more common. This
follows from general probability considerations of the size
distributions of eruptive materials in single eruptions, as well
as from the size distributions of plutons and calderas (Sibbett, 1988; Marsh, 1989; Radebaugh et al., 2001; Gudmundsson, 2008). The size distributions of all these objects follow negative exponential laws, and many follow power laws.
This means that most of the objects are small, whereas a few
ones are very large (e.g. Mohajeri and Gudmundsson, 2012).
There is a cutoff size, however, in that very small magma
chambers, while presumably formed frequently, tend to have
very short active lifetimes. They solidify rapidly and soon
cease to act as magma chambers. Overall, chambers between
50 km3 and 200 km3 are likely to be common, and the value
167 km3 (1.67 × 1011 m3 ) is well within that range.
To calculate the strain energy in the volcano due to the
magma-chamber expansion (inflation) prior to rupture and
dike injection, we must first calculate the volume of magma
received by the chamber, using Eq. (8). A typical compressibility for basaltic magma is βm = 1.25 × 10−10 Pa−1 ,
and that for the magma-chamber host rock is βc = 2.94 ×
10−11 Pa−1 (Gudmundsson, 2006). For a totally molten
magma chamber, as assumed here, γ = 1.0. The excess pressure at magma-chamber rupture may be regarded as roughly
equal to the in-situ tensile strength of the host rock, a typical
value of which is 3 MPa (Gudmundsson, 2011a). Using these
values and the above estimate for the magma-chamber volume, Vc = 1.67 × 1011 m3 , we obtain the magma volume Vre
received (from the deeper source/reservoir) by the shallow
magma chamber as:
Vre = pe γ (βm + βc )Vc = 7.7 × 107 m3

(29)

We shall now calculate the strain energy in the volcano due
to the added magma and magma-chamber inflation in two
ways: first, using strain-nucleus (corresponding to a spherical chamber), and second using a sill-like magma chamber.
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Consider first the formula for the magma-chamber volume.
For a general ellipsoid, the volume Vf is:
4
Vf = π abc
3

(30)

where a, b, c are the semiaxes of the ellipsoid. For a spherical
chamber a = b = c, and this reduces to the well-known formula Vf = 4/3π a 3 . For a volume Vf = 167 km3 , for a spherical chamber we obtain the radius a = 3.4 km. Using this radius and the values used above for Eq. (29), we obtain the
strain energy from Eq. (9) as Un = 1.17 × 1017 J or about
0.12 EJ. This is similar to the energy released in a magnitude 8 earthquake (cf. earthquake.usgs.gov). Of course, the
chamber here is no longer with a very small radius in comparison with its depth below the surface (Fig. 11) – which
was the assumption in Eq. (8) that was used in Eq. (9). Also,
totally molten chambers of radius 3.4 km are probably not
common, suggesting that this is not a realistic approach to
strain-energy estimates for most magma chambers. Rather,
this exercise is mainly meant for comparison with the more
realistic model of a sill-like chamber below.
For the sill-like magma chamber, the volume is assumed
the same as above, namely 167 km3 . If the magma chamber
has a radius a and if u is the vertical displacement (“uplift”)
of its roof during the inflation, then Eq. (30) may be rewritten
in the form:
4
Vf = π a 2 u
3

(31)

Notice that for a real magma chamber, the total opening
displacement may be the uplift of the roof, i.e. there may
not necessarily be any downward displacement of the lower
boundary (the bottom) of the magma chamber. That would
not, however, change the results of the present analysis. The
displacement of the roof of the sill-like magma chamber is
equal to half the displacement of a penny-shaped fracture
subject to internal magmatic excess pressure pe and is given
by (Sneddon and Lowengrub, 1969; Gudmundsson, 2011a):
u=

4pe (1 − ν 2 )a
πE

(32)

where E is Young’s modulus and ν is Poisson’s ratio. Combining Eqs. (31) and (32) and referring to the volume increase
due to the inflation as 1Vc (Eq. 11), we get:
"
#
16(1 − ν 2 )pe a 3
4 2 4(1 − ν 2 )pe a
=
(33)
1Vc = π a
3
πE
3E
From Eq. (11) we know that the total work in expanding
the magma chamber is equal to pe ×1Vc and has the units of
N m. But we also know that the total strain energy in a body
(in equilibrium) under the action of forces is equal to half
the work done by the forces through the associated displacements, from the unstrained to the strained state (e.g. Love,
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1927; Jaeger and Cook, 1979). This is indicated in Eq. (24).
It follows that the strain energy of the volcano is half the
value of Eq. (11). Substituting Eq. (33) for 1Vc in Eq. (11)
and multiplying by 1/2, we get the strain energy U0 due to
the inflation of the magma chamber in the volcano as:
U0 =

8(1 − ν 2 )pe2 a 3
3E

(34)

where all the symbols are as defined above. Effectively, this
is the strain energy solely due to the expansion of the magma
chamber. As discussed earlier and below, there are other factors that may contribute to the total strain energy in the volcano or rift zone at the time of magma-chamber rupture and
feeder-dike emplacement.
Let us now apply these results to a typical volcano. We can
calculate the strain energy directly from Eq. (33) using only
the assumed excess pressure pe of 3 MPa. Alternatively, we
can use an estimated vertical surface displacement above the
sill-like magma chamber during deflation and then calculate
the associated strain energy in the volcano from Eqs. (11),
(31) and (32). Let us first use Eq. (33). For a sill-like shallow
magma chamber at, say, 3 km depth, and with dimensions indicated above, i.e. volume of 167 km3 and diameter of 8 km,
then, from Eq. (33), the strain energy is:
8(1 − ν 2 )pe2 a 3
3E
8(1 − 0.252 )(3 × 106 )2 (4000)3
=
= 7.2 × 1013 J
3 × 2 × 1010

U0 =

(35)

The second method is to combine Eqs. (11), (31) and (32)
to calculate the strain energy from the measured vertical displacement of the upper boundary or roof of the magma chamber. Using the same values as in Eq. (35) for the magmachamber size and elastic properties, we use a common value
of maximum uplift of the volcano surface as 1 m. Similar,
or larger, surface uplifts have been observed in many volcanoes prior to eruptions (e.g. hvo.wr.usgs.gov). While the
displacement of the roof and floor of a sill-like chamber
may be considerably larger than the measured surface uplift, which depends much on the mechanical layering of the
volcano (e.g. Gudmundsson, 2003, 2006; Masterlark, 2007),
we shall here use 1 m as the reference displacement value for
the roof. From Eq. (31) we obtain the volume of the chamber
expansion as 6.7×107 m3 . From Eq. (32) the excess pressure
needed to generate 1 m uplift is pe = 4.1 MPa, or somewhat
larger than the assumed value of 3 MPa. Using these values
for the volume and excess pressure, and taking the strain energy as half the work done during the inflation, Eq. (11) gives
the strain energy due to the inflation as about 1.35 × 1014 J.
This value differs from the one in Eq. (35) by the ratio of the
excess pressures used (4.1 MPa over 3 MPa) squared. These
results indicate that the change in strain energy related to a
typical inflation period in a volcano prior to an eruption is of
the order of 1014 J.
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Let us now compare this strain energy with the surface energy needed to form a feeder dike. Consider a feeder dike
that is 2–4 km long (strike dimension) and 2 km tall (dip dimension). If the estimated energy release rate for a typical
dike of about 2 × 107 J m−2 (Gudmundsson, 2009, 2011a) is
multiplied by the area of the feeder dike, we obtain the total
strain energy needed to form the dike (to overcome the surface energy) as 1–2 × 1014 J. These results indicate that the
strain energy needed to form the dike-fracture, in a typical
small eruption in a basaltic edifice or a stratovolcano, is of
the same order of magnitude as the strain energy generated
by a typical magma-chamber inflation prior to the eruption.
As indicated above, there are, in addition to inflation, other
sources of strain energy that may contribute to feeder-dike
formation and the associated eruption. One is already discussed, namely loading of the volcano or rift zone prior
to eruption through external loads. These include the tensile forces associated with divergent plate movements (plate
pull), for rift zones at plate boundaries, and the forces associated with volcano spreading for many volcanoes (e.g.
Gudmundsson, 1990, 2006; Costa et al., 2011). For example,
if the volcano is located within a larger rift zone at a plate
boundary, the strain energy stored inside and in the vicinity of the volcano due to the plate-pull forces may be of the
same order of magnitude (or larger, depending on the volume
of the rift zone) as the strain energy due to magma-chamber
inflation. The dike itself also has overpressure, which depends partly on the excess pressure in the source chamber
and partly on the density difference between the magma and
the host rock, i.e. buoyancy effects (e.g. Spence et al., 1987;
Gudmundsson, 1990; Costa et al., 2009; Taisne et al., 2011).
The load due to the overpressure generates strain energy in
the surrounding host rock. Different strain energies due to
magma-chamber inflation are also obtained when any of the
following three parameters changes (Eq. 35): Young’s modulus (E), excess pressure (pe ), and magma-chamber size (a).
These can all vary considerably, whereas Poisson’s ratio (ν)
is essentially constant (Gudmundsson, 2011a).
Based on the models proposed here, stratovolcanoes are
mechanically stronger than basaltic edifices. And this greater
strength is largely due to typical stratovolcanoes being composed of rock layers with more widely different mechanical
properties than those layers that constitute typical basaltic
edifices. Because of their greater strengths, many stratovolcanoes are likely to be able to store considerably greater
strain energies before eruptions than typical basaltic edifices.
This may contribute to a typical stratovolcano being able to
“squeeze out” a larger proportion of the magma in its chamber during an eruption than a typical basaltic edifice and produce larger collapse calderas.
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Discussion

There are many factors that may contribute to the differences
in geometry and failure frequencies of stratovolcanoes and
basaltic edifices (shield volcanoes). These need to be considered when assessing the importance of the present model
in explaining failure frequencies of these volcano types. One
reason for, say, not getting an accurate view of the frequencies of vertical and lateral collapses is that the scars may be
comparatively quickly buried with new eruptive materials.
On reflection, however, this is unlikely to cause a large bias in
the assessment of relative failure frequencies in stratovolcanoes and basaltic edifices. Both stratovolcanoes and basaltic
edifices tend to “heal their scars”, yet the scars are normally
visible for a considerable time after the event. For example, following a caldera collapse in many stratovolcanoes, a
new edifice builds up either somewhere near the center of the
caldera or at one particular location along the ring fault (e.g.
Newhall and Dzurisin, 1988; Wood and Kienle, 1990; Scarth
and Tanguy, 2001; Francis and Oppenheimer, 2003; Pichler
and Pichler, 2007). The greater part, or the whole, of the ring
fault is thus easily recognizable even after the new edifice is
fully formed.
Also, if, as suggested here, the eruption frequency in a
typical stratovolcano is considerably less than that in a typical basaltic edifice, then the scars from lateral and vertical
collapses might be expected to be visible over longer periods of time in stratovolcanoes than in the basaltic edifices.
We might therefore expect any bias, if it existed, to exaggerate the frequency of collapses in stratovolcanoes in comparison with basaltic edifices. The lifetimes of the volcanoes may also possibly affect the number of inferred collapses. For example, if large basaltic edifices would live
(be active) longer than large stratovolcanoes, this might affect the number of visible scars or collapse structures observed on these volcano types. But even Mauna Loa, the
largest basaltic edifice on Earth, is less than million years
old (hvo.wr.usgs.gov/maunaloa), which is similar to, or less
than, the lifetimes of many major stratovolcanoes. And, in
addition, because of its high eruption frequency, Mauna Loa
is almost entirely covered with lava flows younger than
about 4000 yr (Frank, 2003), thereby supporting the comparatively rapid healing of scars on basaltic edifices, as suggested above.
Another point sometimes raised, and indicated earlier, is
that because the average viscosity of magmas and lavas issued from stratovolcanoes is higher than that of lavas from
basaltic edifices, the stratovolcanoes tend to develop steeper
slopes. It is of course clear that the viscosities of intermediate
and acid or generally felsic lava flows, which constitute significant parts of many stratovolcanoes, are much greater than
those of typical tholeities, which constitute the greater part
of many basaltic edifices (Murase and McBirney, 1973; Kilburn, 2000; Spera, 2000). The high-viscosity lavas can come
to a halt more easily on steeper slopes than low-viscosity
www.nat-hazards-earth-syst-sci.net/12/2241/2012/

A. Gudmundsson: Strengths and strain energies of volcanic edifices

2255

lavas (although lava thicknesses and cooling rates are also
factors). However, to maintain the steep slopes of a stratovolcano, whether formed by high-viscosity lava flows or pyroclastics and sedimentary rocks, the condition for large-scale
failure must be met only rarely. Why those conditions are
apparently so rarely satisfied in stratovolcanoes needs to be
explained, and one such explanation is their great mechanical
strength – as suggested here.
The slope angle also affects the probability of generating
landslides, i.e. shear failure (e.g. Scheidegger, 1970; Afrouz,
1992; Wyllie and Mah, 2004; Apuani et al., 2005). It might
be argued that this factor should thus also be considered in
the present analysis. However, the slope angle is already included in any proper stress analysis for shear failure, because
it affects the normal and shear stresses on the potential failure (fault) plane (e.g. Gudmundsson, 2011a). For shallow
surface landslides, as are common on volcanoes, the steeper
the slope, normally the greater the chance of shear failure.
It then follows that the likelihood of shear failure
1 should be
greater, other things being equal, in stratovolcanoes than in
Fig. 14. For a large landslide to occur in a volcanic edifice, the
basaltic edifices. Since the opposite appears to2 be the case,
shear-fracture (the landslide fault or slip surface) must reach the
we are again facing the fact that stratovolcanoes3appear
much
surface
alongtotheoccur
slopes
the volcano;
if the
becomes
Fig. 14. For a large
landslide
in aofvolcanic
edifice,
thefracture
shear-fracture
(thear-landslide fault
stronger than basaltic edifices, a fact that must be explained.
rested, no major landslide can occur. The tendency for a potential
or slip
surface) landslide
must reach
thetosurface
along
the slopes
of thegreater
volcano;
the fracture becomes
fault
become
arrested
is normally
in aifstratovolThe mechanical ideas and models presented4 in this
paper
cano
(a)
than
in
a
basaltic
edifice
(b).
5
arrested,
no
major
landslide
can
occur.
The
tendency
for
a
potential
landslide
fault to become
constitute one such explanation. For landslides, the main mechanical point explored here is that the tendency
to shear6
arrested
is normally greater in a stratovolcano (a) than in a basaltic edifice (b).
fracture arrest is much greater in a stratovolcano than in a
7 other facof the edifice/rift zone are flexible and subject to genbasaltic edifice (Fig. 14). While there are clearly
eralized force, additional energy is available to drive the
tors that contribute to the probability of landslide formation
8
fracture propagation as the work done by the generalized
in volcanic edifices, the results presented here indicate that
force. The size of the resulting fracture and, by implicathe tendency to arrest is one of the main reasons
9 for the diftion, the resulting eruption (other things being equal) thus deference in large-landslide frequencies between stratovolcapends on the boundary conditions operating during the erupnoes and basaltic edifices. The same conclusions apply to the
tion. Small eruptions/collapses tend to occur under constantformation of shear fractures, faults, in volcanic edifices in
displacement boundary conditions (Eq. 25), while larger
general, and as regards the formation or reactivation of coleruptions/collapses rather occur under constant-load boundlapse calderas in particular.
ary conditions (Eq. 23).
The conditions that must be satisfied so that a dike is able
As indicated above, there are many factors in addition
to propagate to the surface of a volcano have received much
51
to the magma-chamber inflation that may contribute to the
attention in recent years. Many of the stress-field models are
strain energy stored in a volcano before eruption. These need
discussed by Gudmundsson (2006), whereas models focusto be considered in a further development of the ideas preing more on materials-science aspects and fracture mechansented here. One factor, however, is worth emphasizing in
ics are presented by Gudmundsson (2009, 2011b). Some pathis context, namely the effects of differences in average
pers explicitly deal with the effects of overpressure-related
Young’s moduli and mechanical strength between stratovolvariation in dike aperture and external loading on magma
canoes and basaltic edifices. Since the average Young’s modflow during eruptions (Costa et al., 2009, 2011). Other reulus of a part of a stratovolcano is normally less than that of
cent papers on this and related topics include Canon-Tapia et
a similarly sized part of a basaltic edifice, while at the same
al. (2006), Menand et al. (2010), Geshi et al. (2010, 2012),
time the stratovolcano is mechanically stronger, the stratoTaisne et al. (2011), and Maccaferri et al. (2010, 2011). A
volcano would normally be able to store more strain energy
detailed statistical summary of “failed eruptions” (mostly arbefore eruption than a basaltic edifice. This is probably one
rested dikes) is provided by Moran et al. (2011).
reason as to why eruptions in stratovolcanoes, when they
During unrest periods with magma-chamber inflation
happen, tend to be more powerful and can generate larger
and/or loading due to tensile stresses associated with riftcalderas than those in basaltic edifices.
zone extension, potential mechanical energy is stored in
The use of Eqs. (11), (31), (32) and (33) for calculating
the volcanic edifice or rift zone. Part of this energy is
the strain-energy change associated with magma-chamber
stored as internal strain energy. When the outer boundaries
www.nat-hazards-earth-syst-sci.net/12/2241/2012/
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inflation is most appropriate for a sill-like chamber that is
of a depth below the surface that is comparable to the diameter of the chamber. If the depth is much less than the diameter of the chamber, as is assumed in the calculations here,
then the magmatic excess pressure in the chamber may result in bending of the layers above the chamber (Pollard and
Johnson, 1973; Gudmundsson, 1990). Such a bending may
eventually result in a laccolith shape of the chamber (Pollard
and Johnson, 1973). It is well known, however, that many
comparatively shallow sills do not generate such bending
(Gudmundsson, 2011b). For the present purpose of orderof-magnitude calculations, the models used are sufficiently
accurate, but a future development of the ideas presented
here will take into account possible crustal bending and stress
variations within the edifices and their effects on the strainenergy storage before eruption.
Knowing the condition for extension-fracture (dike, inclined sheet, and sill) propagation and arrest in volcanoes is
of fundamental importance for understanding how volcanoes
work and the associated hazards. During unrest periods with
earthquakes and inferred dike injections, it is very important
to be able to forecast whether or not the injected dike is likely
to reach the surface. If the dike is most likely to become arrested, the result is a “failed eruption”, and its propagation
path and eventual arrest is of interest and importance primarily to the volcanological community. If, however, the dike is
unlikely to become arrested (i.e. is most likely to reach the
surface), the results have implications for all the properties
and people and their means of transportation (including air
transportation) that may be affected by that eruption.
Similarly, understanding the conditions for shear-fracture
propagation and arrest is of fundamental importance for
realistic forecasting of vertical (caldera) and lateral (landslide) collapses. Here the societal implications are often even
greater than those associated with ordinary dike propagation
to the surface. Large landslides in ocean islands may generate tsunamis that can have devastating effects far away from
the volcano itself. And the largest collapse-caldera eruptions
are, together with meteoritic impacts, presumably the greatest natural hazards to life on our planet.

8

Conclusions

Because a stratovolcano is composed of layers with widely
different elastic properties (Fig. 6), it is tougher than a
basaltic edifice. The high toughness of a typical stratovolcano is one principal reason why dike-fed eruptions are rarer
in stratovolcanoes than in basaltic edifices. Similarly, based
on available data, lateral and vertical collapses also appear
to be less frequent in stratovolcanoes than in basaltic edifices, which, again, may be partly explained by the comparatively high toughness of typical stratovolcanoes. I propose that stratovolcanoes become strong because they function as high-toughness composite structures made of layers
Nat. Hazards Earth Syst. Sci., 12, 2241–2258, 2012

that encourage fracture deflection and arrest (Figs. 1–6). The
strain energy required to propagate a fracture for a given distance (and through many layers) in a stratovolcano is therefore normally much larger than that required to propagate a
fracture an equal distance in a basaltic edifice. In other words,
strain energy that is sufficiently large to propagate a feeder
dike, a caldera fault, or a landslide fault through many layers
and to the surface in a basaltic edifice is commonly too small
to propagate a similar fracture to the surface in a stratovolcano.
The potential energy considerations in this paper suggest
that the boundary conditions that operate during fracture
propagation in a volcanic edifice or rift zone may partly control the size of the resulting eruption, landslide, or caldera
collapse (and, by implication, the sizes of earthquakes). The
constant-displacement boundary conditions favor stable fracture propagation and comparatively small eruptions, landslides or caldera collapses. By contrast, the constant-load
boundary conditions favor unstable fracture propagation and
comparatively large eruptions, landslides, and caldera collapses.
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